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PREFACE

THE present treatise on “Co-ordinate Geometry” aims at-
presenting, within a short compass, the cardinal principles
of the subject and their more important applications and
illustrations, so essenfial to a proper understanding of the
subject. We submit that the special features of the book
are preference shown to elementary or d priori reasoning
(whenever possible), exclusion of irrelevant details and
inclusion of those select topies, which have a direct bearing
on the University curriculum for a graduate course. In a
word, every attempt has been made to meet the requirements
of candidates, who go in for the B.A. and B.Sc. (Pass)
examinations of Indian Universities. Perhaps there are
certain features in the book which have some interest for
a wider cluss of ‘casual readers’, who want to pick up a
working knowledge of the subject in the shortest possible
time. It is for the educated community to judge how far
we have been successful in our enterprise.

In conclusion we tender our cordial thanks to Messrs.
U. N. Dhur & Sons, Ltd., for the commendable promptitude
with which they have undertaken the publication of the
book. Our thanks are also due totheauthorities and staff of
Messrs. K. P. Basa Printing Works for the efficient discharge
of their duties, in spite of their various preocecupations. We
shall be grateful to any one, who will point out errors or
misprints or offer suggestions for improvement.

CALCUTTA, } HARIDAS BAGCHI
June, 1946 BHOLANATH MUKHERJEE
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CO-ORDINATE GEOMETRY

,CHAPTER 1
INTRODUCTION

1'1. We shall give at the outset a few important
algebraical theorems and results, which though not properly
belonging to the subject matter of Co-ordinate Geometry,
are of frequent occurrence in the treatment of the subject
and with which the students are not already familiar.

1'2. Determinant of the Second Order.
The symbolic notation

a; by !

az bg !

is called a determinant of the second order and stands for
the expression aybs —agb,, which is called its expansion.
The letters ai, @z, by, by are called the constituents of the
determinant. Constituents arranged horizontally form a
row, and those arranged vertically form a column. In the
above determinant there are two rows and two columns,
and the number of constituents is equal to 2% 2, i.e., 4.

1'3. Properties. ,

Theo. 1. The value of the determinant is not altered by
changing the rows into columns or columns into rows.

Thus, a1 b1 | = @i1ba—azby = [ a1 a,

by b

-

az bg
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Theo. 2. If two rows or two columns of the determinant
are interchanged, the sign of the determinant is changed.

Thus, 'ag bz | = biaz —a.bs =— [a;, by
! ay by | == (aybs —azb,) az b
1'4. Determinant of the Third Order.
The symbolic notation
@y bl. Cy
az ba ¢ (1)
as by Cs

is called a determinant of the third order and stands for
the expression

ay | bs c2 ! -ax|by ¢ | + ag l by ¢ ‘ (2)
| . i
by cs bs c¢s 1 by ¢z |
i.e, a1(bgcs —bace) —aa(bics = bscy) +as(bics — bacy)  (3)
or a; ( be c2| =bilaz ca| +ci | az bz |
i bs cs Qs Ca as by | @

i. 6., a1(bycs —bscg) = bilases —ascs)
+01(azl?s - a3b,). s (5).
The results (3) and (4) are obviously identical. A
determinant of the 3rd order is therefore reduced to a sum

of three determinants of the 2nd order by the following
rule :

Multiply each constituent of any row (or column) by the
determinant obtained by omitting the row and column contain-
ing the constituent. Prefix the + and — signs alternately to
the products thus obtained and add the results algebraically.

In a determinant of the 3rd order, there are 8 rows

and 3 columns and the number of constituents is equal to
3x3ie,9.
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1'5. Co-factors.

Determinants are very often shortly denoted by D or A.
For the sake of brevity and convenience, the coefficients of
aq, by, ¢4, ag, bz, ¢2,... in the expansion of the determinant
are very often denoted by the corresponding. capital letters
A;, By, Cy, 44, Bs, Ca, .., which are called Co-factors.

Thus denoting the above determinant by D), the relation
¢3) can be written as®

D = GLAL +azA2 +a,3Aa, o (6)
where A, = bacs —bacs, A2 =bscy = byicy,

;| 3= blcg - bgc-l.
Similarly (4) can be written as

D = alA1+b1B|+C1_01. b (7)
‘Similarly it can be shown that

D = blBl +szg + baBa

= 6101 +0202 +c5 Ca. ete.

Thus, the sum of the products obtained by muliiplying
the constituents of any row (or colunm) by the corresponding
co-factors is equal to the value of the determinant.

Aga.in b1A1+b2A2 +b3443

=by(becs = bsca) +ba(bgcy —bicg) + by(bics — bac,y)
=0.

Similarly, a;4, +b2Bi1+¢:C, =0, ete.

Thus, the sum of the products obtained by multiplying
ihe constituents of any row (or column) by the corresponding
co-factors of the constituents of any other row (or column) is
zero.

1'6. Properties.

Theo. 1. The value of the determinant is not altered bg)
<changing the rows info columns or columns into rows.
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Thus, a1 b1 ¢ = |a, ag as |.
as bz Cg b:l. bz bs
as bs cs ey es s

This can easily be verified by expansion as in the case:
of the 2nd order determinant.

Theo. 2. If iwo rows (or columns) are interchanged,
the sign of the determinant is changed.

Thus, a2 bz c2 | =- [ay by ¢4 |.
|

ay b1 C1 az bz 02|

a; by cs as by ¢y |

This can be verified by expansion.

Theo. 8. If two rows (or columns) of the determinant.
are identical, the value of the determinant is zero.

Thus, ay by ¢ | =0.
ay b ¢,
as ba Cs

Theo. 4. If all the constituents of a row (or column,) be:
multiplied by the same quantity, the determinant is multiplied
by the same quantity.

Thus, may mb1 mey | =m ay b1 (2% .
a; 02 ce | az by o
as bs Cs | ag by cg

Expanding in terms of the constituents of the first row,.
the left side = =ma1(bscs — bacs) =mZa,(bacs — bgcs) =mD.

Theo. 5. If each constituent of m_;il row (or column) is.
given as the sum of itwo numbers, the determinant can be
expressed as the sum of two determinanis whose remaining
rows (or columns) are unaltered.
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"Thus, o +xy byi+ys etz
Ay b, Ce
a3 by Ca |
=la b, ¢ E + iz Y1 2y
a, by co E iaz by e ‘
az by c¢g | ‘an bs ¢y .

Expanding in terms of the constituents of the first row,
the left side =X(ay +z,)(b2cs — bsca)
=3a,(bscs ~ bsca) + Zz4(bacs = bacs)

=D, +D,, where D,, D2 are the two
determinants on the right
side,

1'7. The Determinant

n = 8
- T
e - R

l
The above determinant plays a very important part in
Co-ordinate Geometry. Denoting the determinant by D,
we have
D =albc - £2) = k(e — gf) + g(f1 — by)
= abe + 2fgh = af2 - bg? - ch?.
Here A=bc-f?, B=ca-g%, C=ab-h?,
F=gh-af, G=hf-bg, H=fg~ch.
It can be easily verified that )
BC-F?=aD, CA~G*=bD, AB-H*=¢D,
GH - AF=fD, HI'- BG=¢D, FG—~ CH=D.
Thus, BC - F?=(ca—-g?)ab-h?)-(gh—af)?
= a(abe + 2fgh - af® — bg® — ch®)

=gaD.
Similarly for others.
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Hence, when D=0, :
BC=F% (CA=@% AB=H?,
GH=AF, HF=BG, FG=CH.
1'8. Determinant of the Fourth order.
The symbolic notation

a; by ¢y dy,
Q2 bz C2 dg
as bs ¢y dg
as by ¢4 dy

is called a determinant of the fourth order. It can be
expanded in terms of the constituents of the first row or
column by a rule similar to that used in expanding the
determinant of the third order. Thus the above determinant.
18 equivalent to

a1l b ¢z d2 | —as I b, ¢y d.
l by cs dy i by ¢y dg
by ¢y d, ! by ¢4 ds
+as) by ¢y dy |=ad by ¢, dy {
by 2 da by ca da |
by ¢4 dil bs c3 da !
or ay| by ¢ca dp [=biaz c. d: l
by c¢3 ds as C3 ds.
be ¢4 dy ay Cs dg v

as by ds as by cs

+01 a2 bz dz “d1 Qg b2 Ca i
a, bs d, as bs ¢4

Properties established for a determinant of the 8rd order
in Art. 1'6 are equally true for that of a 4th order.
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*1'9. Elimination.

Suppose we are required to eliminate £ and y from the
three equations

a1$+b1]]+01=0, .es (1)
asz+byy+c.=0, (2)
a3z +bsy+cs=0. (3

From (2) and (3), we have by the rule of cross-multiplica-
tion

z ” 1
_ B o
bacs —bacs cCaas—cs3a: @sbs—ash,
w=b20.1 f_‘ﬁ?z y g €283 TC32
a,zb,, "(‘t;;bz a\zba "‘aabz

Substituting these values of z, ¥ in (1) and simplifying,

we get
a1(b203 - b3c~_n) + b1(62“3 - C;;az) + cl(an_',bn - a3b2)=0,
i.e., i ar by ¢ i=0, (4)

a: by ¢y
l as by cs
which is the required eliminant.

Similarly, the result of eliminating z, y, z from the
equations

a2+ b y+c2=0 (5)
AsZ + Doy +Ca2=0 6)
sz +bgy+cy2=0 (7N

would be the same as (4). This can he easily shown by
obtaining the proportional values of z, y, z from (6) and (7)
by the rule of cross-multiplication and then substituting
them in (5). In fact, in this case we are really eliminating
two unknown quantities [z, /2 from three equations.

Thus, the result of elimination of two quantities or three
quantities (as in the second case) from three equations is
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the vanishing of the determinant formed by the coefficients
of the given equations, taken in the order in which they occur.

Note. The relation (4) is the condition which must hold among
the coefficients of the given equations in order that =z, 7, ¢ may have
the same values, different from zero, in each of the three given
equations.

Similarly, the result of eliminatiort of three quantities
x, y, z from four equations a;z+ b,y +cy2+d; =0, asz+bay
+egz+ds =0, @ayz+byy+caztds=0, awx+by+te,?
+d,=0is
ay b1 Cq d1 =0,
a; by ¢y dy |
as bs c3 da

Qs ’)4 Ca d4

1'10. Relations between roots and coetficients.
If a, B, ¥ be the roots of the cubic equation
az® + bz’ +cx+d=0,

then a+p+y=—bla,
By+ve+aB=cla,
. afy= -dla.

Since a, B, y are the roots of the cubic,
az® +bx® +cx+d=alz-a)zc-B)z-y) °
=a{z® - Ta.z® + 3py.z — afy}.

Hence comparing coefficients of z%,  and constant
terms, the required result follows.

Similar relations hold good between the roots and
coefficients of equations of higher order.
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Examples 1
1. Find the value of

a® a 1:; i) a b+ec 1/;
b2 b 1'I b c+a 1!
ez ¢ 1 "¢ a+b 1!
Gy1 2 3 ; (@(|ja b e
4 5 6 L a® b et
17 14 21 i1 1 1!

2. Eliminate a, 8 from

(i) aa+bB+c=0, (ii) ara+ b B+c. =0,
ba+cﬂ+a-0, alga+lizﬁ+62=0.
cat+af+b=0. asa+bzf+cy;=0.

3. Illiminate 4, B, C from
(i) Az, + By, +C=0, (ii) Adz+ By +C=0,
Azs + By, + C=0, Az’+ By’ + C=0,
Azxg + By, + C=0. Aa + Bb =0.
4. If a, B, y be the roots of the cubic
(1) 223 — 422 + 52— 6=0, find the value of afy.
Q) 3 —3x+2=0, tind the value of Xa.



CHAPTER 11
CO-ORDINATES

21, Cartesian Co-ordinates.

The underlying principle of Co-ordinate Geometry—first
conceived by the French Mathematician Des Cartes—is to
set up a definite correspondence between the position of a
point in a plane and a pair of algebraic quantities, very
often called co-ordinates.

A
T

The position of & point in a plane is referred to a pair
of intersecting lines in the plane. Take any point O in the
plane and an arbitrary pair of lines X0X’ and YOY’ through
it. Let'P be any point in the plane. Draw PJM parallel
to YOY' to meet XOX' in M. The two distances OM and
AMP which define the position of the point P in the plane
are called its co-ordinates. The lines X0X’, YOQY’ with
reference to which the distances are measured are called
axes of co-ordinates, XOX’ being called the axis of zor
z-axis and YOY’, the axis of y or y-aris. The point O is
called, origin. OM is called the z-co-ordinate or abscissa
and PM is called the y-co-ordinate or ordinate of P. If @
be the abscissa and y the ordinate of P, P is very often
denoted as the point (z, y¥). The co-ordinates z, ¥ are
often called Cartesian after the name of the discoverer,
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Des Cartes, to distinguish them from other kinds of co-

ordinates, which are also used to locate the position of
a point in the plane.

2'2. Signs of Cartesian co-ordinates.

Even when the distances OM, MP are known, the
position of P is not completely fixed, unless it is known
whether OM is drawn to the right or left of YOY’ and MP
is drawn above or helow XOX’. The directions of these
lines are expressed by the signs of the co-ordinates of P, the
same convention about the signs of the distances being
adopted as in the case of Trigonometry.

Thus OM is considered positive when drawn to the
right of YOY’, and negative when drawn to the left of
YOY’; and MP is considered positive when drawn above
XO0X’, and negative when drawn below X0X’. The axes of
co-ordinates divide the entire plane into four regions, each of
which is called a quadrant. Thus X0Y, YOX’, X'0Y’,
Y'OX are respectively first, second, third and fourth
quadrants. The signs of the co-ordinates (z, y) of a point
P in the different quadrants may be shown as follows :

This convention regarding the algebraic signs of z, ¥
being adopted, it is easy to see that any given point P has
attached to it two determinate co-ordinates 2 and ¥ and,
when 2 and ¥ are known both in magnitude and sign, the
point P is uniquely determined.

2'3. Rectangular and oblique co-ordinates.

The co-ordinates as well as axes are said to be rectangular
or oblique according as the angle XO0Y between the lines
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of reference t.e., axes is or is not a right angle. When the
angle X OY is not a right angle, it is usually denoted by ®
which may be greater or less than a right angle. The
co-ordinates wsed in this treatise are for the most parb
Cartesxa.n rectangular co-ordinates ; hence, wherever the
term ‘co-ordinates’ occurs in the treatise, they may always
be taken to mean Cartesian and rectangular, unless the
contrary 18 stated.

Cor. (i) Co-ordinates of the origin are (0, 0).

(ii) Co-ordinates of a point on the z-axis may be
zvrit.tien as (#, 0) and those on the y-axis as
0, y).

2'4. Distance between two points.
(A) Rectangular awes.

Let Pz, ¥3), Qxs, ¥2) be two points. Draw PM,
QN perps. to OX Draw QR || to OX to meet PM in R.

Then from the right-angled
Y A PQR, we have
P PQ*=QR?+ RP%.
Now, QR=NM=0M- ON
Q R =Z =,
RP=MP-MR
» =MP-NQ=y1 - ¥Ys.
N M X ., PQ*=(z,-z,)?
+(y1 = y2)%

. PQ, i.., the distance between two points (zy, ¥,),

(22, y2)

[¢]]

= J(x1=X2)?+(¥1 - ¥2)%. e (1)
Cor. The distance of the point (x,, y,) from the origin

= J/x,2+y,%
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(B) Obligque axes.
Draw PM, QN || to OY and QR || to OX.
As before, QR=xz; — T2, .
BP=y, -
Also L Q@RP=n-uw,
cos QRP= - cos w.

Then from A PQR,
PQ? = QR? + RP?

~2QR.RP cos QRP

=(z1—x,)° +(’y1 'yg;)2 —70 N M

+ 2z, = 22)y, — y2) cos o. .. (9

2'5. Section of a line in a given ratio.

13

To find the co-ordinates of a point which divides the

line joining the points (zy, y1), @z, y.) in the ratio m : n.

Let P($] , '!/1) and

Q(zgz, y2) be the given vy Q

points and let R(z, y) be n
the point dividing PQ in R

the ratio m : n, i.e., m

PR : BQ=m: n. F T

(i) First suppose R
divides PQ internally, so

that B lies between P O L N M
and Q.

X

Draw PL, QM, RN || to OY. Draw PT || to OX,
cutting EN in S and QM in 7. Then since the parallels.

PL, QM, EN are met by the transversals PQ and LM,
LN _PE_m

NM RQ ™ n’
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ON-OL . -z, _m,

OM=0ON *® gy =a n

g =TT F 0T
m+n

Again, in A PQT, since RS is || to QT,
RS PR PR m

QT PQ" PR+ RQTmtn
-RN:SN, jo. VYL oM
QM-TM “'ya~y, m+n
: y=my3_f"_’1'l/1.
N . m+n

Hence the required co-ordinates of R ave

mx2+“x1' my,+ny,
m+n m+n

(ii) Secondly, when R divides PQ externally in the same
ratio m : n, 3.e., when R lies on PQ or QP produced, we can
similarly prove by drawing the requisite figure that the
-co-ordinates of R are

mXQ-nx-|' ng—gi
m-n m-=n

Cor. Co ordinates of the mid-point of P’Q are }(x; +x3), 3(y: +¥2).

Note 1.» Itis easy to see that the above results are equally true for
oblique axes.

*

Note2. From above it is olear that the co-ordinates of a point
dividing PQ in the ratioA : 1 are

ZakAzy Ny
TIE TR

Considering A as a variable parameter (i.e., capable of all values
positive or negative) the co-ordinates of any point on the join of (x,, ¥,)
and (x4, Y.) can be represented in the above forms.
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2'6. Area of a triangle.

To find the area of a triangle in terms of the co-ordinates
of its wvertices.

Let (z,, 1), (2, ¥2), (5, ¥s) be the co-ordinates of the
vertices 4, B, C of A ABC.
Draw AL, BM, CN perp. to Y|

the z-axis and let 4\ denote

the area of the triangle._ <

Then A =trapsz. ALMB+

trapz. ALNC - trapz. BUNC. c

Since area of a trapz. =% (sum
of parl. sides) x distance

between thein, o) M L N
A=¥AL+BM)x ML +%AL +CN)x LN
-3BM+CN)x MN

= %(1/1 + 1/2)(1?1 - zz) + %('!/l + ’!In)(ws - 3’31)
= ¥y2 +ys)las — 22).
On simplifying and re-arranging, we easily have
A = XX1¥2 = X2¥1 +Xo¥a = XaY2 +X3¥ 1 — X4¥a)-+(1)

which can be easily put in the determinant notation as

A’%[’h yi 1.
| i
:xz Y2 1
||xs ya 1}

Cor. The area of the triangle whose vertices are (0, 0),
(@1, y1), (22, y2) is ¥(z1y2 — zay,).

Note 1. Obviously when 3 points are collinear, the area of the
resulting triangle A =0, Conversely, if A =0, then the 3 vertices
must be collinear. For the area being = § base X altitude, it can
vanish if either base or altitude=0. Now, base cannot be zero, for
that would imply 2 of the points to coincide. So the altitude, 4.e., the
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perp. dropped from one of the vertices to the opposite base =0. In
other words the 3 vertices must be collinear. Thus, the vanishing of
A 18 the necessary and sufficient condition for the collinearity of 3 points.
For another method see Art. 8°11.

Note 2. 1If the axis be oblique and inclined at angle w, the perps.
AL, BM, CN are no longer equal to the ordinates y,,y,,y, but to
¥, 8in w, ¥, sin w, y, sin w. Hence in this case the area of AABC
becomes

§ sin {2,y —ToY, +TaYs —TsYa +m’;yl =Yy}

Note 3. Here we have taken tho vertices of the triangle in the
counter-clockwise order ; but if we take them in tho clockwise order,
the analytical expression for the area of the triangle, while retaining
its magnitude, will be found to have changed its sign.

vl 2'7. Area of a quadrilateral.

V7,
” To find the area of a quadrilateral in terms of the

co-ordinates of its angular points.

Let .the angular points
of the quadrilateral taken
in order be Alzy, yi1)
B(zs,y2), Clzs,ys),D(z4sya).

A Draw AK, BL, CM, DN
perps. on OX,

Area of the quad.

) ABCD = trap. AKLB +
O N M L K X trap BLMC+ trap. CMND
’ ~ trap. DNKA
=3}(AK + BL).KL +¥BL + CM).LM* .
+#(OM + DN).MN - %(DN + AK).NK
=¥y +yo)zs — z2) + ¥y, +ys)zs ~23)
+3ys +yu)(zs = 24) = Hys +yu oy — )
= H(@1y2 = 2291) + (@25 = 23y2) + (2av4 ~ 24ys)
S CRTEF RN

Y

on omitting the terms which cancel.
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Note 1. The above formula can also be established by joining the
origin O to the vertices 4, B, C, D and thus dividing the quadrilateral
into a number of triangles. Thus

Quad ABCD= AOAB+ AOBC—- AOCD- AODA.

Now, AOAB=3}z,y:=%,%.). [See Cor., Art. 2°6]

Similarly for other triangles.

The area of a pulygon of any number of sides can similarly be
obtained.

Note 2. It should beenoted that the area found above has a
reference to the certain order in which the vertices 4, BB, C, D
are taken.

2'8. Polar Co-ordinates.

There is another way in which the position of a point
in a plane can be fixed. Take a fixed point O and a
fixed straight line OX through it. The position of any
point P will be known, when
we know the length of OP
and the angle XOP. OP,
usually denoted by r, is
called the radwus vector and
/. XOP, usually denoted by '
0, is called the wvectorial / o X
angle. The point O is called f
the pole and the line OX P
called the initial line.

Thus, (, 8) which define the position of the point P
are called polar co-ordinates of P.

As in Trigonometry, 0 is considered positive, if measured
from OX in the counter-clockwise direction and negative, if
measured in the ‘clockwise direction.

The radius vector 7 is considered to be positive, if
measured from O along the line bounding the vectorial angle,
and negative, if measured in the opposite direction.

Suppose PO is produced to P, so that OP’ is equal
in magnitude to OP. Yor the vectorial angle XOP i.e., 0
which OP bounds, OP is positive and OF' negative, but
for the vectorial angle XOP' i.e.,—(x~6) which OP

2
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bounds, OP’ is positive and OP negative. Thus we see
that the same radius vector may be positive or mnegative
according 1o the vectorial angle with which it is associated.
Since the same radius vector can be taken with two
different signs and the vectorial angle can be measured in
two different directions, a woint on a plane can therefore be
represented in four ways by polar co-ordinates. Thus the
same point is represented by the following polar
co-ordinates :

(r, 8), (=7, n+0), {-7, —(z-0}, {r,— 2z -0)}.
For isolated points, it is however always convenient to
choose both 7 and 6 positive.

Note. Co-ordinates of the pole are (0, 0).

2'9. Relation between Cartesian and  Polar
Co-ordinates.

Taking the pole and the initial line of the polar system

as the origin and the axis of 2 in the Cartesian system,

we can easily find out the relation

y between the co-ordinates of a
point in the two systems.

P let (x, ¥) be the Cartesian
co-ordinates of P with respect to
0X, OY asaxes and let (r, 8) be its
polar co-ordinates with reference
to O as pole and OX as initial

ie) N X line.

»

Draw PN perp. on OX and join OP.
Then, X=ON=OP cos XOP=r cos 6. e (1)
y=PN=O0OPsin XOP=rsin6. .. (2)
* Squaring and adding (1) and (2), we get, % =z®+y?
and dividing (2) by (1), we get tan 8 -Z .

r= Jxi+y2, (3)
' g=tan-'¥. @
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The relations (1) and (2) express Cartesian co-ordinates
in terms of polar ones and (3) and (4) express polar equations
in terms of Cartesian ones.

By means of the above two pairs of relations the polar
equation of a curve can be deduced from its Cartesian form
hy writing » cos 6 for z and 7 sin 8 for ¥ in the equation of
the curve. Similarly, the Cartesian equation of a curve can
be deduced from its polar equation by writing 22+ y® for
7 and tan ~'y/z for § in the equation of the curve.

Thus, if the Cartesian equation of a curve is f(z, ) =0,

its polar equation is f(r cos 6, r sin 0)=0.

Conversely, if the polar equation of a curve is F(r, ) =0,

its Cartesian equation is F{N 2? + y?, tan™'y/x)=0.

2'10. Distance between two points in polar co-
ordinates,

Let (4, 6,), (r2, 02) be the P
polar co-ordinates of P, @.

Then [/ POQ=/X0OP-
.Z.XOQ’ 01 - 02. Q
Hence PQ*
= QP%+ 0()*> =20P. 0Qcos POQ
=72 47,2 =2rrp cos (0, —05). o

2'11. Area of a triangle in polar co-ordinates.

To find the area of a triangle in terms of the polar
co-ordinates of its vertices.

I-‘Eb (7'11 01)- (7'2, 02.)3 (7'3, 93) (o}
bhe the polar co-ordinates of

1he vertices A, B, C of the B
NABC. We have

AABC=AOAB+ AOBC
- AOAC. A
AOAB=%0A4.0B sin AOB
=3r,7p 8in (6, -0,). O X
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Similarly,
AOBC=3%r,74 sin (63— 05,),
AOAC=%7r37ry sin (63—0,)= —ryr; sin (8, — 63).
A =3%[ryrs sin (03 = 63)+ 757, sin (6, —03)
) + 7,75 8in (0, - 6,)].
2'12. Equation and Locus.

We have seen that the position of a point in a plane
is dependent upon two co-ordinates. When, however,
a single analytical relation of the form z+y-T7=0, or
z?+y*=4 (1)is given, then, by giving various values to z,
we get corresponding values of y. We ecan plot the points,
whose co-ordinates are the corresponding values of £ and ¥
thus obtained. The points thus plotted will arrange them-
selves on a certain curve 3, say. Then (1) is called the
equation of the curve = and ¥ is called the graph or the:
locus of the equation (1). What has been said with regard:
to the relation between the Cartesian co-ordinates applies
equally well to the case of polar co-ordinates. Thus the
equation of a curve is the algebraical relation, which is.
satisfied by the co-ordinates of every point on the curve and
by no point outside it.

Conversely, the locus of an equation is the curve, the.
co-ordinates of every point on which satisfy that equation.

‘When a point moves in a curve, its co-ordinates are:
called. current or running co-ordinates. It is usual to denote
the current co-ordinates by (z, ¥), (», 8) and the co-ordinates
of a poipt in any of its particular positions by (z’, ¥').
(1 1), (r1, 84) ete. :

The equation of the locus of a moving point is obtained:
thus : -

From the given geometrical condition of motion, find out
a relation between the co-ordinates of the moving point in
any of its positions and this relation, when expressed in
current co-ordinates, is the equation of the locus. Sometimes
when there is no chance of confusion, the co-ordinates of the
moving point are taken in the current form in the very
beginning.
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2'13. Illustrative Examples.

Ex. 1. Ifthe vertices of a triangle are(z,,y,), (x4, ys)s (x3, ¥a),
show that the co-ordinates of ils centroid are

X, +Xg+!.' Vi+y, +v, A -
3 3
Let A(.v.. ?/n)n B(Z,, ya)' C(zn Ys)
‘be the vertices of the triangle. Let G
D be the mid-point of Bq.
Then the co-ordinates of D are B D c

3zs+2,5), $ya+p.).
Let z, y be the co-ordinates of the centriod (7. Since (i divides
4D in the ratio2: 1,

= 2.3(z, +(a:._)+ z, _m, +.'f,+z,-., ,

3 3
-_ 2.8y Fy )y _wy Fuatus
y=— 3 ~ = 3 .

Ex. 2. Ifthe vertices of a triangle are (xy, 42, @2 ¥a)s (4, ¥s)s
show that co-ordinales of its in-centre are
azy +bx, +exy ay, + My +cuy
a+b+¢ a+b+c
where a, b, ¢ are the sides of the triangle.

Let A(z,, y,), Blxs, y3), Clz,, y,) be the vertices of the triangle.
Let 4D bisect 2 BAC and cut BC in D. A
Then we know that
BD:DC=B4 : AC=c:b.
Then the co-ordinates of 1) are
bay+ewy byg+eius,

b+c ' b+c (o]
Let (x, y) be the co-ordinates of the in- D
centre I.
' Again, ID: AD=in-radius : altitude B
A 2A*
= [ty .
s a

=g:a+b+c.

*Bee Das & Mukherjee’s Higher Trigonometry, Art, 23.
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4I:ID=b+c:a
bx, +cxy
. E=az,+(b+c) bt+c _ax,+bz,+exs,
o a+b+c a+b+c

Similarly y can be obtained.

Ex. 8. Transform the equations
(i) (x‘l +y‘l)' sa! (z‘l _yﬂ)
Jrom Carlesian to polar co-ordinates ;
(ii) 7* cos 20=a’
Jfrom polar to Cartesian co-ordinates. [C. U. 1944)
(i) Putting x=r cos 0, y=r sin 0, we have z*+y*=*
and x*-y?=r%(cos’d—sin?0)=r" cos 20.
the equation becomes
r*=a%r? cos 20,
i.8., r*=a? cos 26.
(ii) The cquation may be written as
r*(cos®*d —sin?0) =a?,
i.e., zt -yt =a?,
Ex. 4. Find the equation of the locus of a point, which moves so that
the sum of the squares of its distances from the poinis (a, 0), (—a,0) i
constant and equal to 2¢*.

Let (z', y') be the co-ordinates of the point in any of its position.
Then, by the condition of the problem,
(z'—a)*+y'2+ (&' +a)* +y'* =2c?,
i.e., z't+y?t=c’—a’.
This relation being satisfied by the co-ordinates of any point on the
locus, the equation of the locus is ~ z®+y®=¢*—a’.

Examples 11 -

1. Show that the four points, whose co-ordinates are
(4’ 3)' (6' 4)] (5. 6)’ (3’ 5)’

are the vertices of a square.

2. PFind the circum-centre and circum-radius of the
triangle, whose vertices are (7, 9), (1, 1), (0, 2).
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8. Prove that the three points, whose co-ordinates are
{a cos a, @ sin a}, {a cos (a+%n), a sin (a + §n)},
and {a cos (@ —%n), a sin (a -4%n)} form an equilateral
triangle, whose circumcentre is the origin.
4. Verify that the 4 points 4, B, C. D, whose co-ordi-

nates are (a, b), (a+a, b+8), (a+a+a’, b+g+8), and
(a+d', b+8’), when joined in order, form a parallelogram.

Also ascertain the condition for ABCD to be

(i) a rhombus, (ii) a rectangle.
[ For (i) use AB=BC. For (ii) use AC=BD. ]

5. If(z, y1), (z2, y2), (s, ¥s), (z4, y4) are the vertices
of a parallelogram, taken in order, then
Ty +23 =23 tz4 and y+ys=y2 +9,.

6. If D be the mid-point of the side BCof AABC, then
AB*+ AC?*=2(4D? + BD?).

7. Prove analytically that the line joining the mid-
points of the two sides of a triangle is half the third side.

8. Find the co-ordinates of the point, which divides the
line joining the points (a+2b, a— 2b), (a — 2b, a+ 2b),

(i) internally and (ii) externally, in the ratio @ : b.

9. (i) Satisfy yourselves that the two triangles, whose
vertices are (3,0), (0, 7), (1, 1) and (13, 38) (2, 3), (-11, 9)
have the same area and the same centroid.

(i) If two vertices of a triangle are (2, 7) and (6, 1) and
its centroid is (6, 4), find the third vertex.
10. If (# be the centroid of AABC, then
AB®2+BC®+CA®=3(GA® + GB® + GC?).
11. If P, @ be the points (a cos ¢, b sin ¢), (- a sin ¢,

bcos ) and O be the origin, prove that the expression
OP? + 0Q? and the area of AOPQ are independent of .
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12. Find the area of the triangle, whose vertices are
() 3.2),6,4), (2 2;
(i) (a, @), (5, b2), (¢, c?) ;

(iii) (@ cos @y, b sin @,), (@ cos ¥z, b sin P,),
(a cos @s, b sin @3) ;

(iv) (ct,, tc:)’ (ctz, :;), (Ct”'-i‘i)'

13. The angular points of two triangles are given as
follow :

(i) (aty?, 2aty), (at2?, 2ats), (ats?, 2ats) ;
and (ii) {at2ts, alts +ta))s {ataty, alty + )k,
{atits, alt, + ).

Show that the area of the first triangle is double that
of the second.

14. Prove analytically that the area of any trxa.n(.,le is
four times the area of the triangle, formed by joining the
mid-points of its sides.

'15. Verify that the area of the triangle formed by the
points
(1, v1), (22, v2), (@4, ¥3)
is the same as that of the triangle formed by the points
(@1 +h, yo + %), (@2 + b, ya +k), (@5 + b, ys +F).

16. Find the area of the triangle, whose vertices are
(@, b+c), (b, c+a), (c, a+D)
and interpret the result geometrically.

/17. Show that the three points (4, 2), (7, 5), (9, 7) lie on
a right lino. [C. U. 1943]

18. Show that the lines, joining the middle points of the
opposite sides of a quadrilateral and the line joining the
middle points of its diagonals are concurrent and bisect one
another.

A
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19. Show that the four points whose co-ordinates are
alcos a+cos B+cos y), alsin a+sin g +sin ),
alcos B +cos ¥ +cos 8), alsin B +sin y+sin 8),
alcos y+cos 8+ cos a), alsin y+sin 8 +sin a),
alcos 8+ cos a+cos B), alsin 8 +sin a +sin B)
lie on a circle.
[ Each point is equidistant from the point (a2 cos a, aX sin o). ]
20. (i) Find the area of the quadrilateral, whose angular
points are (1, 1), (3, 4), (5, —2), (4, = 7). [C. U. 1944]

(ii) If the area of the quadrilateral whose angular
points 4, B, C, D, taken in order, are (1,2), (=5, 6), (7, —4)
and (k, —2) be zero, find the value of k. [C. U. 1945)]

(iii) Show that the area of the quadrilateral, whose
vertices, taken in order, are (a, 0), (= b, 0), (0, a), (0, —b), is
zero ; (@, b > 0). Txplain the result with the help of u
dingram. [C. U. 1943)

21. Prove that the points (3, 90°) and (3, 30°) form with
the origin an equilateral triangle.
22. Find the area of the triangle whose vertices are
(i) (3, 30°), (2, 90°), (1, 150°).
(ii) ((l,, 9): (20'- 0 +'&'")v (3“, 0 + §n).
23. (a) Transform the following Cartesian equations into
polar forms :
{) 22+ y%-2axr=0. (ii) Az+ By+C=0.
(i) y == tan a. (iv) 22 +y2=a™
(b) Transform the following polar equations into
Cartesian forms :

i) r=a. (ii) »=2a cos 6.
(iii) k/r=A4 cos 6 + Bsin 0. (iv) r2=a? cos 26.
(v) r? sin 26 =2a°. (vi) r* cos ¥ O—a.}.

~Avii) r(cos 36 +sin 30) =5k sin 6 cos 0.
: {C. U. 1931, '46]
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24. Find the equation of the locus of a point, which
moves so that

(i) its distance from the origin is constant and equal
to a.

(ii) the square of its distance from the z-axis is
4a times its distance from the y-axis.

(iii) its distance from the y-axis is twice its distance
from the point (2, 2). ) [C. U. 1939]

(iv) the area of the triangle, formed by joining it to the
points (a, 0), (- a, 0) and by joining these points, is constant
and equal in magnitude to ¢2.

(v) its distance from a fixed point (ry, 8,) is always
constant and equal to a.
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STRAIGHT LINE
3'1. Locus of Ax+By+C=0.

Every first degree equation in x and y always represents
a straight line and conversely every straight line can be
represented by a first degree equation 1 x and y.

Let us proceed to characterise the curve I defined by
the linear Cartesian equation Az + By+ C=0. - (1)

If P (zy,9.), C(zx2 v.), R (x5, vs) be three points
taken at random on the curve I we must have

Axy+ By, +C=0, A, + By, +C=0, Azs + Bys; + C=0.
Eliminating 4, B, C, we get

Y TR T | i =0.
T2 Yy 1 1
zs ys 11

Hence, by Note 1 of Art. 2°6, P, @, R are collinear, i.e.,
any three points on I' lie on a right line. So if two of the
points, say P, Q be kept fixed, any third point B om I" must
lie on the line PQ. This is another way of saying that I’
itself is a right line. Thus every first degree equation in
z and y always represents a straight line.

To prove the converse case, we start with any given
straight line I' and take any two points P(z,, y.) and
Q(za, y2) on it Regarding those points as fized and taking
an arbitrary point (z, ¥) on I, we immediately express the
condition of collinearity in the form :

z y 1] =0
zy ¥, 1 !
%2 Y2 1
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Esxpanding in terms of the constituents of the first row,
it becomes Az +By+ C=0,

where A=y, ~y,, B=2y~x,, C=x,92 = Z2¥1.

Because P, Q are fized points, 4, B, C must be regarded
as constants, independent of the current co-ordinates z, y.

Thus we have established the converse proposition that
every straight line can be represented by a linear equation.

3'2. Equation of lines parallel {o axes.

liest AB be a line parallel to y-axis and at ar distance
v a from it. Let (z, ) be the co-ordinates
of any point P on it.

A Then z=a, whatever be the value
of a.
P .. the equation of a line . parallel
to y-axis and at a distance a from it is
T=a.
o] X .. . .
Similarly the equation of a line
B parallel to z-aris and at a distance &

from it is y=b.
Cor. The equation to the z~axis is y =0.
The equation to the y-aris is z =0.

3'8. Equation of a straight line.

(A) m-form.
To find"the equation ‘lo a
straight line which cuts off a
given intercept on the y-axis
and 8 inclined at a given
angle to the z-axis.

Let AB be the straight ~— B r3) N X
line, cutting off the intercept
0C=¢ from the y-axis and being inclined at an angle 8
to the z-axis. Let (z, ¥} be the co-ordinates of any point P




STRAIGHT LINE 20~

on AB. Draw PN perp. to z-azis and CD parl. to y-axis
to meet PN at D.

Then, tan 6 =tan PCD=

y=z tan 6+¢
or y=mx+ec e (1)
where m=tan 0.

This, being the relation bhotween the co-ordinates of
any point on the line, is the equation of the line.

PD_PN-CO_vu-c,
¢D ON z

Note. The angle 6 is called slope or gradient of the line.

(B) Intercept-form.

To find the equation to a straight line which cuts off given
intercepts from the axis.

Let the straight line 4B cut off the intercepts O4=a
and OB=b from the axes of
L and y respectively. Let Y
(z,y) be the co-ordinates g
of any point P on 4B. Draw
PM, PN perps. to z-axis and
y-axis respectively. Join OP.
From the fig.,
AOPA + AOP3 = AOAB.
304. PM+10B. PN
=304.0B, o _ M A X
i.e., 3ay + 3bx=31ab.
Dividing by %ab, we get

LI AN
ath 1 @

Note 1. The above, equation alsr holds good for oblique azes ; the
only difference in the proof is that the factor sin w, which occurs on
both sides for the expression for the areas, cancels out finally.

Note 2. The above equation can also be written as
Ix+myw=1
where I=1/a, m=1/b.
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(C) Perpendicular-form.
To find the equalion to a siraight line in terms of the
perpendicular p let fall on
it from the origin and the
angle a that this perpendi-
cular makes with the axis
of .,

Let OK be L to the
line AB from O and
/. XOK=a. Let(z, y)be

the co-ordinates of any
point P on 4B.

Draw PL perp. to OX, LM perp. to OK and PN perp.
to LM.
Then, OM = 0L cos a=2z cos a,
MK=NP=LP sin PLN=y sin a,
for /PLN=90°-/MLO=/LOM=a.

<

Now p=0K=0M+MK=2a cos a+y sin a.
the reqd. equation of the line is
X cos a+y sin e=p. . (3

Alternative Method.

Since 04 =plcos a,
OB = p/sin a,

.". using the intercept-form, the equation ol the line
18

N .
plcos a  pfsin a -
or, x cos a+y sin a=p.
(D) Distance-form.

To find the equation to a -straight line, passing through
“a given point (z1, y1) and inclined at an angle 0 to the
-axis.
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Let A be the given point (z1, ¥1) and 4B be the straight
line through 4 inclined at Y
an angle 6 with z-axis. P/
" Then /PBX=6. N

Tet (z,y) be the co-
ordinates of any point P
on the line, where {1P=r. /0/
Draw AM, PN perps. to 8 4 O M N
OX, and AL perp. to PN. Then /. PAL=0,

AL=MN=ON-OM=z—-1x,,
PL=PN-NL=PN- AM=y-y:.
Now, AL=APcos 0, PL=AP sin 6.

[N

AL Pl
cos 0 sin6 AP,
X=Xy _¥Y_oVs_
“e tose ~sine =" . (4)

where 7 is the distance of any point on the line from
{z1, y1)-

This, being the relation between the co-ordinates of any
point on the line, is the equation of the required line.

Note 1. Co-ordinates of any point on the line at a distance r from
the point (z,, 7,) are given by
z=x,+7cos b, y=y,+r sin 0. vos (5)
Sometimes cos 8, sin 8 are called direction-cosines of the line and
are denoted by I, m, so that [*+m"=1.
Substituting values proportional to cos 6, sin 8, the above equation
-of the line can be written as
”;‘”!="7‘?¢t=r. . (6)
Now, of course, r will be proportional to the distance of any point (z, )
from (z,, y,) and A* +p271, and co-ordinates of any point on the line
may be written as
z=2,+N\r, y=y, +ur e (7)
and the ‘m’ of the line is u/A.
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Note 2. This form of the equation of the line is sometimes called
Symmetrical form.

Note 3. From the different forms of the equation of & line obtained
above, it is clear that the equations are all of the jirst degrec in z, ¥,
that every equation involves fwo independent constants and that we can
casily pass from one form to another.

8'4. Reduction of Ax+By+C=0 to different forms.

From the above equation, we get

4 _C
v=-%3*"p (m-form).

Here m= - A4/B, ¢=-C/B.
Again, Az + By=-C
T +- Yo =1, (Intercept-form)

-Cla -C/B ™

Dividing the given equation by /A4 %+ B%, we get
.__Af-_—-.—a;q- - ‘B 1) == e _:_Q.. .o

JAEEBY T Jare BT T A+
(Perpendicular-form).

By Elementary Trigonometry we may define an angle
uniquely as the least angle (positive or negative) which
satisfies the equation tan a=B/4 ; so that

4 in _B .
A o8 a= Jar+p SN OT J4ie B

Az + By + C=0 is called the general form of the equation
of a line. .

Note. If two lines are coincident, their corresponding intercepts on
the two axes will be equal. Now, writing the two equations in the
intercept-forms, we see that the conditions for the coincidence of the lines.
a,z+by+c; =0 and a,z+by+c,=0 are

& __.z d -Sa-% . 2.! b, &,
n- o b. by »e “bs e
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Thus, when two lines become coincident, the coefficients of the
corresponding terms of their equations are proportional. In other
words, if lwo equations of the first degree represent the same siraight lmo,’ s
the ratios of corresponding coefficients must be the same.

3'5. Line through (x4, y,) and (x,, y,).
Let the equation Qf any straight line be
y=mz+e. (1)
Since it passes through (z,, 74), we have
yi=mz, +c. (2)
Sul)tmctiné (2) from (1),
y—y,=mlz—1z.). ... (3)
Since (3) passes through (x4, ¥2), we have
ve —y1=mlzs ~7y4),

Us = U1,
M= =, e (4)
Substituting this value of m in (3), we get the equation
of the required line to be

y-y =12 (y-y)), (5)
X2 = X4
. X=Xy Y-V,
o TR "ViYe R ()]

. Cor. From (3), it follows that the equation of any line
‘. through (zy, ¥1) is

y-Yi=m(x-x,)
m being any arbitrary constant.

v (D

Note 1. The ‘m’ of the line joining (z,, ¥,), (24, ¥s) is
Ua =Y or Uy = Ua =d_1';_ﬂ- of 9 ordinates
Ty —T, %, —x5 diff. of 3 avscisse
Note 3. The equation of the line joining the origin to the ‘point 7

AT 2.,
8
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Alternative Method :

Let the equation of any line be

Az+By+C=0. (1)

Since it passes through (z, y.) and (z2, ¥2), we have
A$1 +I}y1+c=0 con (2)
Azy+ By +C=0. ’ (3)

Eliminating A4, B, C hotween (1), (2), (8), we get the
equation of the required line to be

'x y 1 =0

' X1 ¥4 10

ixz y2 1°
3'6. Angle between two lines.

Let ¢ be the angle between the lipes A B, 41,, so that
LBiAds=pandlet L4AB, X

v =0, and AB,X =0,
p=0,-0, cer (])
(i) Let the equations of the
lines be y=miz+c¢, and
y=nyx+cy,; then tan 0, =m,

x and tan 02 =m,.

- —p. ) tan 8, —tan 0,
From (1) taqw tan (0, - 05) L+tan 0, tan Q,
- -y Ty
_tang T+mm, (1)

(ii) Let the equations of the lines be a z+ by +c,=0
and asz+bay + ¢y, =0. Writing the equations as

- C1 =02 _ Ca

V=T T, YT T, T,
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we see that the m’s of the lines are —z-‘ and —3
1

Substituting these values in formmula (1), we get

0y, Oy
by +bz =b182-a1b2
1+ ﬂ:_ia:g 4,89 +b1b2

bli)z

tim p= (2)

Trom above it readily follows that
o ___I).r_z_._,__'-f_a,l)g ,
sin ¢ = \/(0;12 +b1“)(a22 +b22)
. - (t‘_q,_., + bl ’)-.3 B .
cos @ J(@1 £ by *)ats® +bs?) (3)

{iii) Let the equations of the lines be
T ¢os a; +y sinay, =p, =0,

and =z cos az+ysinas=p,=0.

Since the angle between any two lines is equal or
supplementary to that between the two lines perpendicular
to them,

p=ay—ag or x-(a, —a) (4

Note. DBetwecn two straight lines there arc t¥o angles, one acute
and the other obfuse. Hence in general ¢ is acute or obtuse according
as right side of (1) is positive or nagative. In the fig. drawn,
4=80,—0,: but if the positions of AB,, AB, are interchanged,
¢=0,—0,. Takingall these things into considerations, we shoild
‘writa

my=maoa

tan ¢= 1 ity

(Gt b0, e (B)

8'7. Condition of Parallelism of two lines.

Two lines are parallel when the angle ¢ between them is
zero and hence tan ¢ =0,
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Hence the condition of parallelism of the lines
y=mzr+cy and y=myx+ ¢, is by Art. 3'6

My =My

-=0 1., -Mg =
1+ myme 0ze.my=my=0

te. mMy=mj,. (1)

Similarly, the condition of patallelism of the " lines
a1z+byy+cy =0 and axxz+bey+c2=0 is byas—b.a,=0
i.e. ayby=azb,,

i, A1 by
e o Thy (2)

Note. From above it is clear that the equations of two parallel
lines can be written as
y=mz+c, and y=mz+c,, or ax+by+c;=0and ax+by+e,=0.
Thus, we see if fwo linear equations in x, y differ only in their
constant terms, they represent a pair of parallel lines.

3 8 Condition of perpendicularity of two lines.

Two lines are perpendicular when the angle ¢ between
them is 90° and hence tan = =,

Hence the condition of perpendicularity of the lines.
y=myz+cy and y =max +c, is by Art. 3'6

m;_ mg

=oc g, +
\ 1+m1mg e. 1l ml‘”Ivg-o

i.e. mime™ -1. vee (1)

Similarly, the condition of perpendicularity of the lines.
a1 x+byy+ci=0and azz+bey+cy=0is
ﬂ|ng+b1bg-o. .ee (3)

Note. From above it is clear that the equations of two parpandfcular
lines can be written as

y=mx+c,, and y=— ’!” g+cy or ax+by+c, =0 and bz —ay-+c, =0,
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3°9. Point ot intersection of two lines.

Let the equations of the two lines be
az+by+ec =0 (1)
asz+byy+ca=0 (2)

If the lines intersect at any point, the co-ordinates of

that point shall satisly both the equations. Let (z', ¥”) be
the co-ordinates of the common point.

a1z ¥ by +¢,=0 . (3)
sz + by +ca=0 ... (4).

by the rule of cross-multiplication, we have
T S A S
bycy = bsc1 €1@3 —cear aybs —a2b,
.". the co-ordinates of the common point are given by
’ blCQ-bgc1 ; _ Cq8p —Coly
r = =—r—— y = - e — d— o
a1b2—82b1 a1b2-agb1

Note. If a,b,—a,b, =0, then both z’, 3 tend to o, so that the
point of intersection of the lines (1) and (2) moves off to infinity and
hence they become parallel. Thus a,b,—a,b,=0, or :‘ ={)' is the

2 3

condition for the parallelism of two Jines. [Also see Art. 3°6).

3°10. Line through the intersection of two lines,

The equation of any linc through the intersection of the
two lines
az+biy+cy=0, .o (1)
and ax +byy+ca=0 .. (2)
is az+by+cy, +Aagz+bey+cy)=0+(3)
where 4 is any arbitrary constant.
Equation (3) being of the first degree represents a st.
line. If (z y ) be the point of mtersectlon of (1) and (2),

then a1z +b,y +¢1=0 and a2 +byy +¢2=0 and hence
(&', y’) satisfy (3) 4.e.the line (3) passes through the
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intersection of (1) and (2). Since the arbitrary constant 1
may be so chosen that (3) may fulfil any other condition,
(3) represents any st. line through the intersection of (1)
and (2).

Conversely, if the equalion of any line can be put in the
Jorm
ayz+biy+cy +A(azz+bay+ca)=0

where A is any arbitrary constant, we conclude that it
always passes through a fiaed point viz. the point of inter-
section of the lines a,z+ b,y + ¢, =0 and a,x+ by +¢2 =0,
whatever be the value of 4.

Similarly, the equation A (a1z+ b,y +c¢1)+ #(asz + boy
+¢3)=0 where A and # are any two arbitrary constants,
represents any line through the intersection of the lines
ax+byy+e, =0, ayx+hbyy+ecy,=0.

Note Let (r,,y,) be the point of intersection of the lines (1)
and (2) ; then obtaining their values as in Art. 3'0 and substituting
them in the equation y—y, =m(z—x,) [see Cor. Art. 8'5], where m is
any arbitrary constant, the eqmalion of the required line can also be
obtained.

3°'11. Condition for concurrence of three lines.

If the three lines ax+biy+c¢y =0, asz+boy+cos=0
and asz + bsy+cs =0 pass through a common point, say
(&', ¥), then

. a1z’ +by' +¢,=0 ... o (D),
s’ + oy +co=0 ... ... (9),
aaz'+b3y'+ca=0 PN ee (3)

Hence eliminating z’, 3’ from (1), (2), (8), we get the:
required condition for the concurrence of three lines viz.

| a1_ b1 Cq =),
(22 bs o (A)
I as bs Ca
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Alternative Condition

If any three constants I, m, n can be found such that
l(a,x+b,y+¢,)+m(a,x+b,y+c,)+n(a,x+b,y+e¢;)=0 (B)

identically, then the above thrce lines are concurrent.
From the given relation we have

l
a3z +byy+cy= - n(“11'+b11/+01)

- :’: (@az +bay +ca) (4)

If (2’, ¥) be the point of intersection of first two lines
then a2’ +b,y +¢,=0, and ags’ + by’ +¢c2=0
and hence from (4) we get

as.z'+bsy'+cs=— ! XO—"-'} x0=0.
n n
The third line therefore passes through (z', y), the

common point of the first two lines.

Note 1. The above condition (A) for the concurrence can also be
oblamed by substituting the co-ordinates of the point of intersection of
the first two lines as given in Art. 8'S in the equation of the third live
or thus :

The equation of any line through the first two is
a,z+b,y+cy +Na,x+byy+c,)=0
or (@, +2ay)z+(by +Aby)y+(c, +Aeq) =0.
This line will be identical with the third line
' a3z +by+ey=0
for some value of A, if the third line passes through the point of
intersection of the first two lines.

comparing coefficients we get

a, +2Aaq _ b, +2b, _c, tsh = —u, say.

ay by
e Gy tNag+pag=0, b, +Nby+uby=0, ¢, +Acy+uc, =0, whence
eliminating A, u, the requited condition for the cocurrence is obtained.
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Note 2. The condition (4) can easily be deduced from condition (B)
as follows :

Since the relation (B) is identically true, the coefficients of z, y and
the constant torm must separately vanish. Hence we get
al+agm+an=0, b,l+b,m+byn=0, c,l+c,m+c,n=0 ;
whence eliminating I, m, n, the condition (A) is obtained.

8'12. Condition of collinearity of three points.

Let (x4, y1), (x, y2), (z3, y3) be three given points. If
each of them lies on the line

Az +By +C=0 .. (1),
then Az, +By, +C=0 (2),
Azg +By,+C=0 (3),
Azg + Bys +C=0 (4).

Eliminating 4, B, C from (2), (3), (4), we get the required
condition to be

Xy y1 1 =0,
X2 Yz 1 e (8
Xs ¥s 1

Note. The above condition is both necessary and sufficient. Assuming
that relation (5) holds, we get on simplifying this determinantal
relation and re-arranging the terms,

(@, =2y —ys) — (@, —23) (4, — ¥3) =0,

Y1 TUa Yy "Wa,

Ty—Tg T,—X,

which showd that the ‘m’s of the two lines joining (x,, y,) to (24, ¥1)
angd to (25, ¥,) are the same both in magnitude and direction, which
can happen only when the 3 points are collinear. Thus, the sufficiency
of the condition is proved.

813, Illustrative Examples.

Ex. 1. Find the equation of the line through (z,, ¥.)
(i) parallel to the line ax+by+c=0,
(li) perpendicular-to the line ax+by+c=0.

or,
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() Equation of any line parallel to the given line is az+by+%=0.
Since it passes through (z,, ¢.),

o az,+by, +k=0 i.e. k=~(az,+by,).
Hence the reqd. cquation of the line is
az+by—(ax, +by,)=0.
i.e. a(z—z,)+b(y~y.)=0.

Otherwise : Tt the cquation of the line through (z,,y,) be
y~y, =m{z—z,) ; since it is parallel to the given line whose ‘m' is
—alb, 2. m=—alb

.*. the reqd. line is y~y, = — g(z—a:,).
ie.  afz—zx,)+bly—y,)=0.

(ii) Any line perpendicular to the given line is bxr—ay+%k=0.
Since it passes through (z,,%,) .’. br,—ay,+k=0 i.e. k=ay,—bx, |
.. the reqd. line is bz —ay+ay, —bz, =0,

T=Z, U=, o
a b

The above equation can also be obtained by assuming the equation
through (z,, ¥,) in the ‘m’ form as in (i) viz. y—y,=m(z—2z,) and
then introducing the condition that this line and the given line are
perp. i.e. mX(—a/b)=—1 i.e. m=b/a. Now substitute this value of m.

i.e.

Ex. 2. Show that the equations of the lines which pass through
(1) y,) and arc inclined at an angle ¢ with the line ax+by+c=0 is
l x y 1} =0,
| z, % 1
,asingptbeos¢ bsingptacose O}
Let the equation of the line be

Az+By+C=0. v (D)
Since it passes through (z,, ¥,)
Az, +By,+C=0, (2)
Since it makes an angle ¢ with az+by+c=0.
sin Ab—Ba
Sovgmtan =150 00
.~ A (asin ¢Fbcos ¢)+B(b sin ¢+acos ¢)=0 ... (3)

Eliminating 4, B, C from (1), (Q) and (3), the reqd. result is
obtained.
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;v Ex. 8. Show that the perps. dropped from the verlices of a triangle
on the opposile sides are concurrent.

Let A(z;, 9,), B(za, 91), C(s, ¥,) be the triangle.

The ‘m’ of BC is "2~ ¥»
Lq—Ty

.". equation of the line through .4 perp. to BCis )
y—y,=m(x—2x,)-+(1) where

o= 1 e m= -1"'—1"-
Xy =Ty Ya—Ys

Substituting this value of m in (i). and simplifying, the equation of
the perp. from 4 to BC, is,

m.

zlzy —2a) + Yy —va) =2 (X, —2s) =9, (2 —95) =0 ... (2)
Similarly the perps. from B and C on opposite sides are
z(ey—,)+y(ys — 1) =z (s —2,) = 92 (Y5 — 4,) =0 -+ (3)
@@y —2q) FY(ys —Ya) = €a(@) —%a) ~Yu(y, +92) =0 ... (4)
On adding (2), (8), (4), we find that their sum vanishes identically.
by Art. 3'11 (here I=m=mn=1), we conclude the threc lines meet

in a point.
Note. The point of concurrence is called the orthocentre of the

triangle.

S Ex. 4. Find the diagonals of the parallelogram whose sides are
az+by+c =0 (1), az+by+ec=0 (2),
az+by+c'=0 (8), a'z+by+c' =0 4),

and hence obtain the condition that they should be at right angles.
Any line through (1) and (2) is
ax+by+c+Ala'z+b'y+c)=0,
1f it be a diagonal, it must pass through (a, 8) the point’ of inter-
section of (3), (4).
da+bB+c+A@'a+b'B+c)=0.
) B ~c'+c+N(=c'+¢)=0, .. (5)
gince (a, B) lying on (8) and (4)
ae+bB+c'=0, aa+b'8+c'=0.
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from (5),. A=—-1. ’
.*. the corresponding diagonal will be
(@a—a)z+(b-0")y=0. (6)
Similarly, the other diagonal will he
(@+a)x+(b+b)y+c+c'=0. (7)

Condition that (6) and (7) should be perp. is by Art. 38
(@a=a')(a+a')+(b=b)(b+b")=0,
i.e. ‘a".+b"=a"’+b"’.

Examples 1A

1. Find the equation of the line joining the points
(i) (a cos a, a sin a), (a cos B, a sin B),
(i) (at,?, 2at,), (at2?, 2ats),
(i) (@ cos @,, b sin @), (a cos ¢., b sin @2).
2. Show that the equation
-z )y=y:) = (=) —m1)
represents the line joining (x4, ¥,), (z., ¥2).

8. Show that the cquation of the line, the portion of
which intercepted between the axes is bisected at (z,, y,) is

32.:1 + 2;’1 =1.
4. Calculate the angle included hetween the lines
(i) az—by+c=0, (a-bx-(a+bly+d=0,
(ii) z cos 55° -z +y sin 55° + J3+1=0,
z sin 35" —xz+y cos 35°+ /3 -1=0.

5. If A(z., 1), Blza. y2), Clzs, y3) be the vertices
of a triangle, show that the angle 4 is acute or obtuse
according as

(@1 = za)@y = 23) + (Y2 ~y2) (Y1 —ys) is
positive or negative.
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* 8. Show that the three lines
z cos (a+ ~§n)+y sin (a + ; a)=gq, (r=2, 4, 6)
form an equilateral triangle.

7. Find the equations of the line through (z1,¥,)
respectively perpendicular to

]
M i+ yg} =1, .
(ii) zz1+yy, +gle+ 2 ) +fy+y ) +c=0.
8. Find the co-ordinates of the points of intersection
of the following pair of lines
. a a
G) y=miz+ m. Y m2z+m2'

. T R ’
(ii) a-cosw+% sin g=1, Zcoscp + Z

9. Show that the lines (a+b)z+(a-bly—21b=0,

(a-b)z+(@+by-2ah=0, and z+y=0 form an
isosceles triangle whose vertical angle is 2 tan™! a/b.

sin ¢ =1.

10. Show that the equation of the line through (z’, v')
and

(i) parallel to az+by+c=0

is z y 1| =0
2 oy 1
) b -a 0|
(ii) perpendicular to az +by +¢c=0
is z y 1| =0
z 9y 1
.a b 0

11, Show that the perpendicular from the origin upon
the join of (a cos a, a sin ), (@ cos B, a sin B) bisects it.
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12. (i) Find the equation of the line which passes
through the point of intersection of the lines 32z +2y~-7=0
~and & — 4y +6 =0 and through the point (1, 1).

o (ii) Show that the equation of the line through.
(a, B) and through the point of intersection of the lines

arz+by+ey =0, azz+by+ca=0
az+biy+ey _anz+brutcs,
aa+bif+ey azatbyfte,
lC. U. 1943}

13. Find the equation of the line joining the point of
intersection of the lines
z+3y+2=0, 2z2-y-3=0
" to the point of intersection of
Tz-y-3=0, 2z-5y-15=0.
14. TFind the equation of the line which passes through:
the point of intersection of

(i) the lines 2z-3y+4=0, 3z+4y—-5=0 and is
perp. to the line 6z—Ty+8=0 ; [C. U. 1944]

(ii) the lines z—=y+1=0, 3z+y-5=0 and is parallel
to Tz ~8y+13=0;

(iii) the lines Tz +13y-87=0, 5x-8y+7=0 and
makes equal intercepts on the co-ordinate axes.

15. Show that the equation to the line that passes.
through the point of intersection of the lines

a;z+biy+e1=0, azz+byy+cz; =0
and is (i) parallel to the line agz+bgy+cs=0

Gizthiute a,x+beytey.
a1b3 —asbl agbs - asbg ‘

(ii) perp. to the line asz+bsy+cs=0

is

a,z+ byy +¢, _hgz+ b,y-l-'gg.
a1a3 +bibg G303 +bgbs

is
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16.5(i) Prove that the three lines 2z-Ty+10=0,
32-2y~1=0 and z- 12y +21=0 meet in a point.
[C. U. 1943)]
(ii) Find for what value of % will the three lines
z2-y+5=0, z+y-1=0, kx—y +13=0 be concurrent.

Find also the point of concurrence.

17. If a+b+c=0, show that the three lines
ar+by+c=0, br+cy+a=0, cc+ay+b=0
are concurrent.

18. Show that the four linecs
ar+by+c=0, (a+a)z+ D+ )y+(c+c)=0,
dz+by+c'=0,(a-a)z+B-b)y+(c-c)=0

meet in a point

19. 1If the three lines

ar+a’y+1=0, bz +b2y+1=0, cx+c’y+1=0

are concurrent, show that at least two of the three constants
.a, b, c are equal.

20. In any triangle, show that
(i) the medians are concurrent ;

(ii) the lines drawn through the mid-points of the
sides and perp. to them are concurrent.

21, Show that the three points
(a1, b1), (a2, b2), (@a, bs)
will be collinear if and only if the three lines
@12+ b,y—1=0, ax+b2y—1=0, asz+ b3y ~1=0
are concurrent.

22. When the three points (z4, y1), (z2, ¥3), (zs. Vs)
are collinear, show that the line of collinearity is given by
any of the three equivalent equations

-y 1|=0]|a vy 1 =0,|lz y 1 =0,
1 Y1 1 Ty Ys 1 2z vs 1
Zzg Y2 1] zs ys 1 1 Yy 1
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23. Prove that the points (a, be-a?), (b, ca—0b?),
(¢, ab—c?) are collinear and find the intercept on the axis
of ¥ by the line on which they lie.

24. If tho points (a,d), (a’,0), (a—a',b-0) are
collinear show that their join passes through the origin
and ab’ =a’b. [C.U. 1988]

25. If the coefficients of x, ¥ in the equation of a line
vary, subject to the®condition that their sum is constant,
show that tho line passes through a fixed point.

26. If the variable co-efficients 4, 4, r in the equation
of the line A+ wy+ r=0 he connected by a relation of the
form Aa+ ub+rc=0, where a, b, ¢ are constants, then the
variable line always passes through a fixed point.

27. Show that the two sets ol points

() (0, %), (1, %), (-1,1)
and (ii) (0, §), (‘l"%). 3. %
lie on two lines which are mutually perpendieular.

28. Find the co-ordinates of the middle points of three
diagonals of the complste qundrilaber.ﬂ formed by the lines

=0,y =0 -+ Z =1 .md T % /=1 and show that these
poiuts are collmem. [C.0. 1941

29. Find the equations of the diagonals of the parallelo-
gram formed by the lines
4z~5y~T7=0, 4r-5y—-14=0,
3r+T7y-8=0, 3z+Ty-12=0.
80. Show that the diagonals of the parallelogram
formed by the lines

BNy LMy T LU Z U
a+b 1'b.'-a L a.+b 2, b"-a2
,ate at right angles. [C. U. 1939]

-~ 81, Find the equamons of two lines through the point
(3,-1) which make 45° with 2z ~y—2=0.
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82. (a) Find the orthocentre of the triangle whose sides
are

(i) 22+3y-6=0,6—y—18=0, 2~y -2=0;
(i) y =mx +”[:r. (r=1,9,38);

() Find the orthocentre of the triangles whose vertices
are (31 0)» (On 2): (4) 6)'
83. Find the area of the triangle whose sides are
(i) x+2-5=0,z-y+1=0,2z+y—-T7=0;
(ii) y=myz+ecy, y=mex+ce, z=0;
(iii) y=mix+c1, Y=max+c2, Y=max+cy.
34. Show that the line joining the points of intersection
of two pairs of lines

a1z+b1’ll+01"0} asm""bs?/"'cs'o}
azx+bay+ce=0 ax+byy+c,=0

a1+ byy+c, asz+byy+c,

. = -
a1 by ¢ az b2 cq-

ag bs Ca lag ba Cs

Gy b& Cs Ay b‘ Cy

[To determine A in the equation of any line through the first pair, use
the conditicn that this line and the second pair are concurrent. ]

35, If A(GJ.. 51). B(Gzn ﬁs). C(ds- ﬁs). D(Gm 54) be four
given points, prove that the locus of a variable point P
which moves so as to satisfy the condition

AABP + ACDP = const.

consists of two right lines.

814, Points on the same or opposite sides of a given
line.

Let the equation of the given line 4B be az+by+c=0
and let the co-ordinates of the given points £, @ be (4, Ih)
and (23, ¥2).
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Suppose PQ cuts 4B in R, such that %g =-:-: .
when P, Q are on the opposite sides of 4B,

. L, MTo Ty MYy + Yy .
co-ordinates of B are = - =TT [ Art. 2'5])

P

/[ "
—— o

e A R B

Since R lies on AB.

mry + n_z,) (mu, +ny |)
a( m+n b +e=0

from which we get
amy+by e _m
azrs +bys +c n
=3 negative quantity.

axy + by, +c and axs + by, + ¢ have opposite signs.

Similarly, when P, @ are on the same side of AB

MTp ZNEL, T2 T YL, [ Apt, 2.5 )

co-ordinates of B are
m-n m-=n

Now, proceeding as before, it can be shown in this case
that

az tby e _m
are+bys+c n
=g positive quantity.
azy + by, +c¢ and.azg + by, + ¢ have gsame signs,
Thus, the two poinis (xy, y1) and (za, ya) lie on the
same or opPosite sides of the line ax + by +c=0 according as

4
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the quantities ax, + by, +c and axa+ by, +c have same or
opposite signs.

That side of the line az+by+c=0 is usually called
positive, the co-ordinates of any point of which when
substituted in az + by + ¢ make it poslt.we, the other side,
heing called negative. If the constant ‘¢ in the equation
azx+by+c=0is positive the origin 0, 0) is situated on
the positive side of the line and if nega.tlve, on the nagative
side.

Cor. The point (xy, y,) and the origin are on the same
or opposite sides of the line ax+by+c¢=0 according as

az, + by, + ¢ and ¢ have the same or opposite signs.

3'15. Length of the perpendicular.

To find the length of the perpendicular dropped from a
given point upon a given line.
Let P be the given point (z*r~y’)

and AB be the given line. Draw
PN perp. on AB.

(i) Let the equation of the line
he z cosa+ysina-p=0 --- (1)

Let OL be the perp. from O on
this line, so that OL=p and
/£ X0OM =a,

Through P draw a line PQ
parallel to the given line meetmg
OL produced in 3 and let OM ==p

A Q X  Then the equation of PQ is by
Art. 3'3 (C)
2z cos a+y sin a-p =0,
,Smce it passes through (z', y')
.o a:cosa+y gina-p =0.
p -_z cos a+y sin a.
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.". the reqd. length of the perpendicular
=PN=ML=0M-0L=yp -p v
=x' cos a-+y’ sin a-p v'. (n

(i) Let the equation of the line be given in the
form .

Az+Byt+C=0

Tet us first express the equation in the form z cos a +
¥ sina—-p=0 as in" Art. 3'4. Dividing the given equution
by JA*+DB?, we have

A + n C =0
Jar+BE T gVt e =0
so that cos a= / ;4 L sina=-7 B Y
AR+ B Nd*+DB*

-C

I
tho length of the perp. from («’, %') on it

Ax'+By +C )
=7_A-’_-%F (2)

Thus the length of the perpendicular from (z', y') upon \
the line Az + By + C =0 is oblained by substituting =’ and y'
Jor z and y in the left-side of the equation and dividing the
result of substitution by the square root of the sum of the
squares of the coefficients of x and y. /

Note 1. Sign cf the perpendicular.

From the fig, it is clear that if P is on the other side of the line
ADB, length of the perp. will be P p ie. —(z' cos a+y sin a.—p) So
in the general expressions for the lengths of the perp. in (1) and (2)
we should attac! + signs before them. The following convention is
usually adoped in distinguishing the signs :

If the equation be so written that the absolute term is positive, so
that the origin is on the positive side of the Tine, the perp. from any

poing will be posmve or negtmve according as the point is on the same
side of line or ot the o] opponze ‘side.
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. Note 2. The length of the perpendicular from the ovigin-upon
i . C v’
. dz+ By+C=0 is 'JZ_"+B'
Note 8. Alternative methods of finding the length of the perpendi-
cular are indicated in Ex. 1, Art. 820.

8°'16. Bisectors of angles between two lines.

Let the equations of the two lines AB,, 4B, be
a1z +byy+ecy =0

and @+ by +cy =0

the equations being so written that ¢, and ¢» are both
positive.

B, (o] 8, %

Since the bisectors are the locus of points such that the
magmtudes of the perps. from them on the twolines are
equal, if («, ¥') be the co-ordinates of any point P on the
internal bisector 4C, then

- ar +b1‘ll +c‘ ag$’+bgﬂ’+cg_ (1)
Nvai*+b,? VasT+be?

-Bince in this case (z’, ") and the .orlgm are orr the same
sides of both the lines AB;. ABjg, the signs of both sides of
(1) are the saine. . [See Notes 1, 2 of Art. 15),

Similarly, if (z’,4’) be the co-ordinates of any point Q on
the external bisector 4D, we have .

a2 by’ ey a9 +bey e @)
e Na*+b,? Jaz® +5y8

'
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In this case, since (z’,"y’) and the origin are on opposite
sides of one of the two lines viz. 4B,, the two sides of (2)
are of opposite signs. [See Notes I, 2 of Art. 15.]

The relations (1) and (2) show that equations of the two
bisectors are given by

a1x+b1v+c, -, 2xXx+boy+e,
lh/a1"‘|'b~|2 * agz’Fbgz
{the upper sign being the bisector of the angle in which the
origin lies).
Slmilarly, when the eqfiations of the lines are
z cos a, +y sin a, —p, =0,
Tz cosaz+ysinay—-p;=0
the eqnations of the bisectors are
X COS a4, +y sin &y =p, = *(x cos ay+y sin az — ps).

Note. It can be easily verified that these two bisectors are per-
peadicular to each other.

3°17. Parametric Representation.

When the co-ordinates of any point on a locus are
expressed in terms of a single variable called a parameter,
they are called parametric co-ordinates. The two equations
s0 obtained represent the locus and sometimes they are
called parametric equations of the curve. The elimination
of the parameter leads to the Cartesian equation.

From the Note 1l of Art. 3'3(D), it is clear that any
point on a straight line ean be represented by
x=a+bt, y=c+dt e (1)
where ¢ is a variable parameter.

From (1), we have m_;_q_y.il:g_

This shows that the line (1) passes through (a, b) and its
‘m' s dfb.

Elimination of ¢ hetween the two relations of (1)

obviously leads to a first degree equation which represents a
straight line.
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3'18. Polar equation of a line.

Let p be the length of the perp. ON from O on the given
A line 4B and let / XON =a.

P Let (r, 6) be the polar co-ordi-
nates of any point P on the line 4 B.

From AOPN, p=0ON
= 0P cos PON=7 cos (6 - a).

N .. the polar equation of the
line AB is
-) = )
o o x rcos (0~-a)=p ... (1,

where (p, a) are the polar co-ordi-

nates of the foot of the perp. from the origin on the line.

Note 1. The equation (1) can be immediately obtained by trans-
forming the Cartesian equation x cos a+y sin a~p=0 into polar form
by writing  cos 6 for z and 7 sin 6 for 3.

Note 2. The equation (1) is equivalent to

7 cos 6 cos a+7 sin 6 sin a=p.

Dividing by p and writing 4 for cos afp and B for sin afp, the

general equation of a line in polar co-ordinates can be written as

%-A cos 0+4B sin 0. (@)

3'19. Polar equation of a line joining two points.

Let (ry, 0,), (72, 62) be the co-ordinates of the givem
points .4, B and (r, 6) those of
any point P on 4B.

Then A4O0B=AAOP+APOB,
i.e. 37,72 sin (8, - 65)
=377 sin (6, - 6)
+ }ryr sin (8- 02).
_ Dividing by 377172, we have ©O N\
the reqd. equation of the line is
sin (6, —0,)_sin (0, =8) sin (0-65) ()
. r3 1

A
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Alternative Method.

The polar equation of a line can be written as
'—-Bsinf-4 cos 6=0.

If it pass through (ry, 6,) and (r,, 6,), we have
r1"!'=Bsin6;-4cos 0, =0,
'~ Bsin 08,—4 cos 8, =0.

Eliminating — B, — 4, we have the reqd. equation

.

' sin6 cos O [=0.
r~' sin6; cos 0, i @)
| 74=' sin 62 cos 0, |

Forms (1) and (2) can easily be shown to be identical.

8'20. Ilustrative Examples.

Ex. 1, Find the length of the perp. from (', ¥') on the line
ax+by+c=0 and the co-ordinates of the foot of the perp.
Lot N(a, 8) be the foot of the perp. and let P be (z', y'). Then
aa+b3+c=0, and equation of PN, being the join of the two points is
gz’ _y-v.
' —a ¥y —ﬁ )

Since PN passes through (z', #') and is perp. to az+by+c=0, its

1 ’
equation is z : =Y by . [drt. 313 Ex. 1] ... 2)

-a_y —ﬁ az +bu —(aa+bB)

From (1) and (2) a +ba

b_/ +e_
. Iy u say.

e z'—asau, 1] —ﬂ=bu, T (3)
PN* =@’ =) 4y = B)F =u(a? +5%).
a¥’+by' +¢
Nat+b

From (8), a-m'-—au\; B=y'—bu. '

PN=
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Ex. 2. Find the area of the triangle whose vertices are 4(z,,¥.)
B(ws, ya), Clzs, ys), using the relalion area=}. basex altitude,
Let 4D be the length of perp. from A4 on BC.
Then A=3% BC.AD.
Now, BC= {(zs—21)*+(ys—y:)"}. @
Equation of BCis =% & Y=Y,
Ta—=2Z3 Ya—Ys
8.8, TYs—Ys) =y(@s —2,) +Zoys ~ Ty Y2 =0.

AD=C1Ua =¥ Uy (o =z ) + 20Uy —ZaU,y, @)

Miza —2,)* +(ys = 91)*}
From (1) and (2), the reqd. result follows.

Examples I1I(B)

1. Show that the origin and the point (1, 2) are on
opposite sides of the line 2z+3y~4=0. Find the point
where the join of (0, 0) to (1, 2) meets the line.

2. Prove that the origin is inside the triangle whose
vertices are 2, 1), (8, -2), (-4, -1).

v4 8. If p1, ps be the perpendiculars from the origin upon
the lines  sin 8+ y cos 8§ =4a sin 20 and z cos 6 -y sin 0
=a cos 20, then 4p,% + p.% =a?. [c.U.]

4. If dy, ds, ds be the distances of a certain point from
the three lines z cos ar+y sin ay=p,, (r=1, 2, 3)
then Zps +d,) sin (az —a;)=0.

b. i‘ind the distance between the parallel lines
8z+4y-T=0, 8z +4y—-12=0.
8. Show that the perpendiculars dropped from any

point on the line 9z - 18y =6 upon the two lines 3z +4y=1
and 24z + Ty =11 are equal.

‘:‘?. . Determine a point equa.ily distant from the three
lines
z cos 80°+y sin 30°=2, z cos 45°+y sin 45° =2,
@ cos 60°+y sin 60° =2,
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8. Prove that the four right lines
z cos a+y sin a=p, -zsina+ycos a=p
zcosa+ysine+p=0, zsina-ycosa=p
make up a square.

[ The perps. from the origin on the four lines are of the same length.]

9. Show that the quadrilateral formed by the four lines
y=mz+arJl+m? y=m'z+aJl+m?,

is a square or rhombus, according as mm' = -1 or # — 1.

10. Find the equation of the line which lies mid-way
between the lines az+by+c=0, azr+by+c =0.

11. Find the distance from point (1,2) to the line
3z +y + 4 =0 measured parallel to the line 3z -4y +8+0.

12. Find the co-ordinates of the foot of the perp. let
fall from (2, 3) upon the line 4z +8y—T7=0 and hence
deduce the length of the perp. from the point on the line.

-13. Prove that the co-ordinates of the foot of the perp.
from (x4, ¥1) on the line az + by +c=0 are
blbzy = ays) —ac, aloy, = bzy) = be,
a"l + bz a2 + b'l
14. Show bhat the feet of the perps. from the origin to
the lines
c+y-4=0, z+5y-26=0, 15x-27y-424=0
all lie on & line and find the equation of this line.

16. Find the equations of the bisectors of the angles
between the lines 3z +4y +4 =0 and 5z +12y +4=0.

16. Find the equations of the lines which pass through
the origin and are equally inclined to the lines
2z +3y—-5=0, 3z+2y-T7=0.

17. Prove analytically that the internal and external
bisectors of an angle are at right angles.
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18. Find the internal bisectors of the angles of the
triangle whose sides are z=0,y=0 and 3z+4y—-12=0
and show that they meet in a point.

19. In any triangle, prove that
(i) the three internal bisectors are concurrent ;

(ii) two external bisectors and one internal bisector
are concurrent.

~u

20. TFind the in-centre of the triangle

v, (i) whose sides are
3z+4y-12-0, 122-5y=0, 4x+3y—-10=0;

(ii) whose vertices are (0, 0), (0, 3), (4, 0).

21. 1If the distances of a point from two fixed lines
z cos a+ysinw=pand zcos f+y sin f=q are in a cons-
tant ratio,” show thypt the locus of the point is a line
passing through the intersection of the given lines.

22. Find the locus of the foot of the perp. from the point
(@, 0) to the line = — ty + at® =0, where ¢ varies.

23. If p, g, r the lengths of the perps. from a point
on the sides of a triangle be connected by a relation
Ap+ ug+ rr=0, where A, %, » are constants, then the locus
of the point is a line.

+'24. fhe distance of the point (a, 8) from each of the two
lines through the origin is d. Prove that the equation of
the lines is (Bz - ay)® =d*(z® +¢°).

25. The parametric co-ordinates of a point P are
z=a (cos ¢t +sin ¢)?, y=a (cos t —sin t)?,
where ¢ is a variable parameter. Show that the locus of P
is 4 line.
a+bt __c+dt
ptat P prq

- 26, Prove that z= represents a line.
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27. Show that the lines
r=a,+b,s, y=cy+dss,
T=as +bot, y=cg +dgt
are (i) parallel if bidy —bad =0 ;
(i) perpendicular if b1hs +d dg =0.

28. (i) Show that the two lines

U

l:-A cos 0 + B sin 0, l;-=A cos 0+ B sin 0 are

parallel.
(ii) Verify that the two lines
reos(6—a)=p and 7sin(6 ~a)=p
are perpendicular.

29. Find the point of intersection of the lines

f =cos 0 — cos (0 — a), i = cos 0 — cos (6 - B).

30. Show that the three lines
rcos (0 ~a;)=py, 7 cos (0 —as)=ps, r cos (0 —az)=ps
will be concurrent, if and only if
cos ay sina; p; =0.
cos az Sina; 3
cos ag sin az  Pg
31. A line moves so that the sum of the reciprocals of

its intercepts on two axes is constant. Show that it passes
through a fixed point.

82. A line moves so that the algebraic sum of the perp.

distances upon it from a number of fixed points is always
zero. Show that it must always pass through a fixed

point.
[ Take the equation of the line as x cos a+y sin a—p=0]

88. Show that the locus of a point which moves in such
a way that the difference of its distances from two fixed



60 CO-ORDINATE GEOMETRY

mutually perp. lines- is equal- to its distance from a fixed
line, is a straight line.

34. Find the locus of the foot of the perp. from the

origin upon a line which always passes through a given
point (a, b).

» 85. A line passes through a fixed point (2, ‘yl) Show
that the equation of the locus of the middle point of it
intercepted between the axes is

Zy Y1
zz+2y !



CHAPTER 1V

TRANSFORMATION OF CO-ORDINATES

4'1. The co-ordinates of a point depend upon the origin
and the axes of cosordinates chosen. A point being given
in position, its co-ordinates with reference to one set of axes
will change as soon as a new set of axes are chosen. It is
also evident that the equation of a curve will also change
by such transformation. In the discussion of problems it
is very aften found advantageous to change the origin or
the directions of axes or both. Either of these processes is
called a transformation of co-ordinates. The formule for
such transformation will be established in the following
articles.

4'2. Change of origin.

To pass from one set of rectangular azes to a parallel set
of rectangular axes passing through a new origin.

Let OX, OY be the original axes and let 0X’, OY’ be
new axes parallel to the original
through the new origin 0’. Pro- y
duce Y'O’ to meet OX in M, so
that OM =a, MO’ = 8.

Let an arbitrary point P have .
co-ordinates (z, y) referred to the o x’
original axes 0X, OY and co- ¢ N
ordinates (z’, y') referred to the
new axes 0'X’, O'Y’. Draw PN O M N
perp. to OX meeting O'X’ in N°. Then

ON=¢z, 'NP=y, O'N'=z, N'P=y.
2=0ON=0M+MN=OM+O'N =g+2z’,
y=NP=NN+ NP=MO + NP=§+y¢’,

4 P
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Thus, to transfer the origin to the point (a, f), the
Jormula of transformation is
x=x'+a,
y=y +8.
Note. Thus when the origin is transferred to (a,, 8), the tran;-

formsd equation of a curve is obtained by substituting z+a, y+8 for z, y
in the equation of the curve.

«

4'3. Change of directions of axes.

To change the directions of axes without changing the
.origin, both systems of co-ordinates being rectangular.
Let OX, OY be the original system of axes and 0X’, 0Y'
Y P be the new system
, through the same origin
Y > ,  0Oand let 6 be the angle
X threugh which the axes
are turned so tht

LX0X' =/Y0Y =6.

%4 Let the co-ordinates

o ™ N X of any arbitrary point P

referred to the origi-

ginal axes 0X, OY be (z, y) and let those referred to the new
axes 0X’, 0Y be (z, %').

Draw PM, PM’ perp. to 0X, OX’ and M’'N perp. to OX
and M'L perp, to PM.
Then, OM =z, MP=y, OM'=2', PM’' =7/,
LLPM =90°-PM'L=/LM 0=/ X0X >0.
. 2=0M=0N-MN=ON-LM >
=OM cos 6 ~ PM’ sin 0
=z’ cos 8-y sin 6.
y=MP=ML+LP=NM +LP
= OM’ sin 8 + PM’ cos 6
=2’ sin 6 +¢  cos 0.
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Thus, to turn the axes through an angle 6 (without
change of origin), the formula of transformation is

x=x"cos 6 -y’ sin 6,
y=x sin 6+y’ cos 6.
Cor. When it is required to change the origin to (a, 8)
as well as to turn the directions of axes through an angle 9,

the formula of transformation will obviously be the combina-
tion of the above two formulie i.e.

z=a+z cos 6 -7 sin 0,
y=B+x sin 6+ cos 6.

Note 1. This kind of transformation where both the systems of
axes are rectangular is called orthogonal transformation.

Note 2. Thus when the directions of axes are turned through an
angle 0, the transformed equation of a curve is obtained by substituting
x cos §—y sin 6 and x sin ¢ +y cos 0 for 2 and y in the equation of the
curve,

4'4. Tllustrative Examples.
Ex. 1. If the quantity ax® +2hxy+by® becomes a'z'* +2h'z'y' +b'y'?
by orthogonal trancformation without change of origin, prove that
a+b=a'+b' and ab—h*=a'd' —h".
By applying the formula for orthogonal transformation
axz® +2hxy+ by® becomes
=a(z' cos §—y' sin 8)* +21 (2’ cos 6 —y' sin 6)
X (z' sin 6+y' cos 0) +b(+' sin 6+’ cos 6)*
=a'r'*+ 32"y +0'y'?, say
where a’'=a cos® §+2h cos 8 sin 6 +b sin® ¢ e (1),
b’'=a sin® §—2h sin 0 cos & +b cos® 0 e (2),
h'=h (cos® § —sin?0)—(a—0b) cos 9 sin § (8).
Adding (1) and (2), we get a’'+b'=a+b
2a'=a (1+cos 260)+2h sin 20+ b(1 —cos 26)
= (a+b) +{2h sin 20+ (a~—Db) cos 26}. e (4)

Similarly 2b'm(a+b)—{2h sin 26+ (a—0b) cos 26}, ... (5)
2h' =21 cos 20 —(a~b) sin 26.
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From (4), (5) and (6),
4(a't'—h'?") = (a+b)*—{23h sin 20+ (a—b) cos 20}*
—{2h cos 20 — (a—b) sin 20}*
=4(ab—h?).
Hence the result.

Ex 2. Find the angle through which the axes must be turned so that
the expression ax®+2hxy+by® may become an expression in which the
term zy is absent.

Let 6 be the reqd. angle.

Then substituting z' cos 6 —y' sin 6 for z and x' sin 6+’ cos ¢ for p
in the given expression, as above, we must have h' i.e. coefficient
of 2xy=0,

i.6. h(cos*d—sin?d)—(a—b) cos 6 sin § =0,

4.¢. 2h cos 20—~ (a—0b) sin 20=4,

. 2h
i.e. tan 20=a;—b-

P _21*.).
. 6=3% tan (a—b

Examples 1V

1. Transform to parallel axes through the new origin
(2, - 4) the equations of the following curves

(i) 22+ 8y +8=0;
(ii) 22 +y®-42+8y—-17=0;
(iii) 8y? ~Tx+24y +62=0 ;
(iv) 522 - 4y* - 20z - 32y - 60 =0.
2. *Choose & new origin (a, f) (retaining the directions
of axes) so that the equation of the curve
Szy +y* + 25z -6y —65=0
may be converted into Az'y’ + By'?=1. ,
Also determine the actual values of 4 and B.

-

8. The directions of the axes remaining the same,

cheose a new origin, such that the new co-ordinates of the

air of points whose ~old co-ordinates are (5,—13) and
(-3, 11) may be of the form (k, ) and (~ &, — k).
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'4, Show how to change the origin (without altering the
directions of axes) such that the two equations viz.
2% +y®% - 127~ 6y + 34 =0,
and 2z%2+y%-102-6y+30=0
may be transformed respectively into equations of the form :
2+ +2z+1=0 and x®>+y?+2ur+r=0.
Also work out the actual values of 4, &, ».

5. In an orthogonal transformation without change of.
origin, if (z, ¥) be the co-ordinates of P referred to the old
axos and (X, Y) its co-ordinates referred to the new, prove
that

z? +y?=X?+Y2,

6. Yind the angle through which the axes may be
turned so that the equation / 3z +y — 4 =0 may be reduced
to the form =1 ; also determine the value of .

7. () The equation z2-y2=a? is transformed to
zy = k® by a change of rectangular axes ; find the inclination
of the latter axes to the former and the value of k2.

8. Transform to axes inclined at 45° to the original axes
the equation 2% - y® =a>.
[c. U. 1940]
9. Verify that when the axes are turned through an
angle of #x (the origin remaining fixed), each of the following
equations
(i) 822 +2zxy+9*=60;
(ii) 722 +3zy+ 4y =11
assumes the symbolic form 4z’? + By’ =1.
10. The equation 32z*+2zy+3y®~18z-22y+50=0
is transformed to 4z° +3y® =1 when referred to rectangular

axes through the point (2, 3). Find the. inclination of the
latter axes to the former.

[C, U. 1945]
5
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. 11. By transforming to parallel axes through a properly
chosen point (#, k) prove that the following equation can
be reduced to one containing only terms of the second
degree : 12z% - 10zy +2y% + 11z - 5y +2=0.

[c. U. 1940]
12. Prove that the value of ¢g%2+f% in the equation

ax? + Qhxy + by® + 2+ 2fy+c=0 remains unaffected by
orthogonal transformation without chdnge of origin.



CHATTER V

PAIR OF STRAIGHT LINES

L]
[ IMPROPER CONIC ]

5'1. Homogeneous Quadratic Equation.

The homogeneous quadratic equation ax® + 2hxy +by2=0
alicays represents a pair of straight lines, real or imaginary,
through the oriyin.

axr? + Qhzy + by® =0. .. (O

Multiplying this by @, we have
a’x? + 2ahzy + aby® =0,

or a’z? + 2ahzy + hiy?: — (W% —ab)y® =0,
or {az + hy}® = (W (h* - ably}* =0,
or (az + hy + J b —aby)az + hy — Jh*—aby)=0.
Thus, the given equation is equivalent to
az+(h+ Jh*=ably=0, ... (2
and az+(h— Jh®=ub)y=0, e (8)

each of which obviously represents a line passing through
the origin.

The two lines (2), (8), form the locus of the equation (1) ;
for (1) is satisfied by the co-ordinates of all points which
satisfy (2) and (3).

The two lines will be real and different if h®>ab, real
and coincident if h® = ab and imaginary if A*< ab, -
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v/ Alternative Method.

Dividing both sides of the equation (1) by 2 and b, we
have,

R

Let my, mg be the roots of this quadratic in % .

Then (4) must be equivalent to

(£ -ma)(¥ - ma) =0, -

Thus the two lines represented by (4) i.e. by (1) are givem
by '
v —-my=0, and ¥ -my =0,
z z

te. y=myxz=0, andy-—mzzx=0.

Note 1. It should be noted that in this case
by? +2hay +az® = b(y —m, ) (y—m,z).

Note 2. An equation in which the sum of indices of z and y
of every term is the same is called a homogeneous equation in x and y.
If the sum of indices be two, it is called a homogeneous equation of
second degree, if the sum of indices be three, it is called a homogeneous
equation of third degree and so on. Thus, 2z® —8xy+b5y*, 6z°—8z*y
+6zy® +4y® are homogeneous equations of second and third degrees.

Note 8. As ahove, it can be shown that a homogeneous equation of
degree 3 represemts three lines through the origin, one of degree 4,.
represents four lines through the origin and so on.

< B2 Angle between the lines ax?+2hxy+by2=0,
az® + 2hzy + by =0. . (1)

( )Let the separate "equations of the lines represented by
1) be

, y—miz=0, and y-me2z=0. !
Then, by® +2hzy + az® =bly - mz)y ~maz). ... (8)
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.". equating coefficients of z% and zy, we get
h a
m1+mz=—2b.' m1m2-=5'

Let ¢ be the angle hetween the lines (2) ; then by Art.
3’6 we have

o g el £ g

1+m,m, 1+mym,
JEE
- b _"b _2Jh%-ab
a a+b
1+ b

Cor.1. If h®=ab, tan =0 and hence ¢=0. The
angle hetween the lines is thus zero and since the two lines

pass through the origin, the lines become coinicident in this
case.

Condition of coincidence of the lines is h? = ab.

Cor.2. If a+b=0, tan p= and hence ¢=3%x and
‘therefore the lines are perpendicular.

.*. Condition for perpendicularity of the lines is a+b=0.

Thus, the two kines represented by ax® %+ hzy+by?=0

.are perpendicular if the algebraic sum of the coefficients of
of =% and y® is zero.

Note 1. The lines will be real or imaginary according as ¢ is real
.or imaginary i.e. according as h*> or <ab. )

Note 2. The above result can also be established By taking the
separate equations of the lines represented by (i) as

lLiz+m,y=0, lLaz+may=0. ... we (i)
e az? +2hay+by? = (1 2+ m,y)(l,x+m,y).
Comparing coefficients,

Wy=a, mma=b, lymg+l,m,=2h.
If ¢ be the angle between the lines (ii), then by Art. 3'6
tan ¢= lamy,—1,m,
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Now, Bagmy —1,m,)% = (1 my +1,0,)% — 41, Lam m,
=4(h*—ab).
lam, —l,my=2 " ~ab
and l,ly=a, m,my=>b, Hence the result.

5°8. Bisectors of angles between ax?+2hxy+by2=0.

Y Let az?+2haxy+ by?

B8 =0 represent the lines

D OA, OB and let their

separate  equations be
y=-miz=0, y—mz=0.

Then
2 h a o
o X Y +2bxy+ b &
=(y = m,z)y ~ m,a).
Mt M= —2—,; " MyMy = %

Let OC, OD be the internal and external bisectors of
L AOB,

! Let LAOX=0,, LBOX=0,; then tan 6,=m,,
tan G2=m,.

Now /. X0C=/X0A+ L AOC=/X0A+%/ A0B
=/ X0A+3%/X0OB- £ X04)
R =3(X04+ /XO0OB=1% (6, +86,)
L XOD=/X0C+ £COD=3n+%(0,+0,), since
/.COD is a right angle.

Hence if 6 be the angle which any bisector ma;kes with
the z-axis s.e. if 6 =/ XOC or /. XOD, then in either case
_tan 6y +tan 6, _ mq +m,

fan 20 =tan (01 +02) =7 500 5, tan 0; ~1-mima

2k
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Lot (z, ¥) be the co-ordinates of any point P on either

bisector ; then tan 6= 3’_ .

7

. o 2 _2tan 6 _ 9yl=
.. from (), ieb tan 26 1-tan20 ~ 1-y?[x?
= 2=zy |
rz —_ !/2
x2-y®_xy,

v a—-b h
This, being a relation between the co-ordinates of any
point on either bisector, is tho joinl equation of the two
bisectors.

Note.
angles.

It can be easily verified that these bisectors are at right

Alternative Method.
Suppose the separate equations of the lines are
y=m,z=0 and y—mexr=0 - (1)

sothat - mq+mp=—2h/band myme=a'b - (2)

The equations of their hisectors are by Art. 3'16

vom _ y=me
J1+m1"’ - \/1+m22

their joint equation is

{¥ome ?/:_zz"w}{ Yomz v-fzaz.w_},o
Nitm?t JT+m 21+ m,? 1+m.? :

or (y=m2)? _(y=maz)?
1+m,* 1+myt !

or (1+m22)y?-2m zy +m,%z?)
= (1 +m1?)y? = Qmqazy + my22%) =0,
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or (my+ma)(z®~y?)+2mymz — 1)my — ma)wy =0,

or (my+my)a® —y*)+2myms ~ 1)zy =0, sincem, #ma
or _2bl"(,,,2 _y2)+2(-(g - 1)m3/==0 by (2),

e®-y® _ay,

2
or a-b h

9'4. Condition for a pair ot lines.
To find the condition that the gemeral equation of the
second degree ;
az?® + Wzy + by® + %z +2fy+c=0 e (D)
may represent two straight lines.

If the left side of the above equation hreaks up into two
factors each of the first degree in z, y, then it will represent
two lines.

Treating the equation as a quadratic in z and suppgsing
a#0, we have

az? + 2Ahy + 9)z + (by? + 2fy +¢)=0.
o= Ahy + )+ J4hy +¢) = 4a(by® + 9y +c),
20

Cancelling 2 from numerator and denominator, multiply-
ing cross-wise and transposing, we get

az+ hy +g=+ Jhy+9)%—alby® +9fy +c)
=+ Jﬂz(ﬁi-:ab)-l:ﬁy(};};- af)-l-g2 :a,c .o (2)

Unless the right-side of (2) is the form =+ (ly+ m), the

left-side of the given equation cannot be resolved into two

‘factors. The condition for this is that the expression under
radical in (2) must be a perfect squaroe i.e.

4(gh ~ af)® = 4(n* - ab)(g? - ac),
i.e. g%h%—%afgh+a’f?=g%h? - abg? - ach® +abe,
e abc+2fgh — af? — bg® - ch2 =0, -+ (A)
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The above condition can be written in the form
A=la<h g;=0.

Do s
|hb 1l (®)
gt ¢

Note 1. Tho above condition is both necessary and sufficient.
We have proved that the condition is necoséary. Now if we start with
the relation (A), we find that the exp. under the radical on the right
side of (2) is a perfegt square i.c. is of the form +(ly+m). Therofore
left side of (1) is resolvable into two lincar factors and hence cquation (1)
represents two lines. Thus the condition is sufficient.

Note 2. 1In tho above proof we have assumed that «3€0 and have
solved the equation for x. If =0 aund 170, we shall solve it for y and
procoed exactly in the same way and get the condition 2fgh—bg® —ch?
=0, which is in fact the samo as condition (A), because here a=0.
If however a=b=0, then wo proceed us follows.

The givon equation (1) being divided by 2/, takes the form

q f
zy+ B hu+ =0,
. f fq ¢ 2/‘r/h—ch"
ve. (”“' h)(”+ h) R 2 2m

This evidently can represent a pair of lines when and only when the
right side is zero 1.e. 2fgh—ch?=0, which evidently is the same as the
condition (A), because herc a=b=0.

Note 3. The quantity on the left side of (A) is called the Discrimi-
nant of the given cquation.

5'56. On the lines represented by
ax?+2hxy +by?+2gx+2fy+c=0.
Suppose ax’ + 2hxy + by® + 2z + 2y +¢
=(lz+my+n)lz+my+n) - (1)

then  I'=a, mw' =b, nn' =¢, Im'+1'm=2h,
mn' +mn=2f, nl' +n'l=2. -+ (2)
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(i) Angle between the lines.
If @ be the angle between these lines

I/ = Um _ S +U'm)? = Al

tan ¢ = W+ mm' W+ mm
_sJi=al,
a+b ces e (3)

Since angle hetween the lines az® + 2hay + by® =0 is also
the sawne as (3), [Art. 5°2], if follows, the lines represented
by ar® +Qhxy + by® + 2z +2fy +¢c=0
are parallel to the lines

az? + 2hay + by* =0.

(ii) Condition for perpendicularity of the lines.

The lines will be perp. if I’ +mm' =0, ie if a+b=0.
This also follows from (3). Hence the given equalion
represents a pair of perpendicular lines if NA=0 and
a+b=0,

(iii) Condition for parallelism of the lines.
v . . . l, m . ’ ’
The lines will he parallel if P e m' =lm=0,

i.e. if (Im'+VUm)? -2 'mm =0, if h®=-ab=0. This also
follows from (3). Hence the given equation represents a
pair of parallel lines if /A =0 and h? =ab.

(v) Congition for coincidence of the lines.

The lines will be coincident if 5 =""=",
U m =n

ie. if Im'=Um=0, mn' -mn=0, nl'-n'l=0,
ie. if h*-ab=0, f2 -bc=0, g¢g%-ac=0.
In such a case, the given equation becomes a perfect

square. Hence the given equation will represent a pair of
coincident lines if

A=0and f2-bc=0, g2 ~ca=0, h* —ab=0.
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(vi) Point of intersection of the lines.

Let (a, B) be the point of intersection of the lines.
Transferring the origin to (a, B), keeping the directions of
axes unchanged, the given equation by Art. 4'2 becomes

alz + a)? + 20z + a)(y + B) + by + B)?
+2@+a)+2fy+B)+c=0,
or az®+2hxy+by? +2zx(aa+1p+g)+ 2y(ha+ b +f)
+aal 4 Qhaf 4 -ererererens =0 - (1

Since (1) now represents a pair of lines through the origin
the left side must be a homogeneous quadratic in z, y, i.e.
must be reduced to the form az?+ 2hry +by? =0, which
requires that the coeflicients of z, y and the constant terin
he zero.

aa+hp+g=0
ha+bg+f=0,
from which we get
-0 = - —B-- .= 1 .
hf=-bg gh—af ab-=1*
hf = bg- gh—af

“Zab-nt’ B Tab-1%
or, in the notation of co-factors (Art. 1°7),

« I’
a= Cl ﬁ C

Alternative Method.

Suppose ax? + 2hxy+by® + 292+ 2fy+c
=(lz+my+n)(l'z+m'y+n). ... (1)

This relation being truc for all values of  and ¥, it must admit of
partial differentiation w. r. t. each of the two variables £ and . So
we have

ax+hy+g)=V(lz+my+n)+(lz+m'y+n’), .. (2)
and  2(hz+by+f)=m'(lx+my+n)+m(l'zs+m'y+n’). ... (3)
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Let (a, 8) be the point of intersection of the linos represented by
the general equation.

. la+mB+n=0, l'at+m'B+n'=0.
Bubstituting «, g for z, y in (2), (8), we got . .
aa+hf+g=0 . (5)
lie 4+ bB+f=0. (6)

From these two equations we get (a, 8) as before.

Note. From above we see that if f(x, y) =0 be the equation of two
lines, the point of intersection would be obtained by solving the

3

(vii) Bisectors of the lines,

equations g’; =0, of =0.

Let (a, B) be the point of intersection of the given lines.
Referred to parallel axes through (a, 8), as origin, the
equation of the given lines reduces to the homogeneous form

ax® + 2hry +y? =0
of which the bisectors are given by

o —u? _ay,

a—b I
Reverting now to the old n,xe's, this equation becomes
(z=a)?=(y-p)*_(r-a)ly-p)
a—-b h

which is the required equation of the bisectors of the given
lines.

Note. Tt should be noted that with reference to the new origin,
the co-ordinates of the old origin are (—a, —8).

. 5°6. A special pair of lines.
9. To find the equation of the lines joining the origin to the

o

poinis of intersection of the curve

az?® + 2hay + by® + 2z + 2fy +¢c=0 (1)
with the line lz+my+n=0 (2).
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Make the first equation homogoneous with the help of
the second equation written in the form

lz+my _
n

-1
and we get

2
az® + 2hzy + by*® - 2Agg + fy). e 4: e c(’”?—*;z—"-‘—”)

=0 (3)

as the reqd. equation.

On simplification, this equation assumes the form
Pz?+2Quy + Ry® =0,

The equation (3) being a homogencous second degree
equation represents a pair of lines through the origin. More-
over, it is satisfied by the co-ordinates of the points whose
co-ordinates satisfy equations (1) and (2) i.e. of the points-
where the line (2) cuts tho curve (1).

5'7. Ilustrative Examples.
Ex, 1. Show thar the equation
2z —zy—9y* —10z+Ty+8=0
represenis two straight lines ; find their point of interscction and the
angle between them.
The given equation can be written as
2* — (y+10)~ (y* —Ty—8) =0.
Solving it as a quadratic in z, we get
g= WH10E J(Eli'if;')'“_'iﬁ_ﬂw_‘_-_ﬁer 8)
=-Y+10%(3y—6)
4

=y+1 01'. ._y_;s_.

Hence the factors of the left side of the equation are
z—y—1and 20+y—8.

.*. the given equation represents the two straight lines x~y—1=0:
and 2z+y-8=0,
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Solving ¢ —y—1=0and 22+y—8=0, we casily get =8, y=2 for
the point of intersection.

By Art. 8'6, the angle betwcen them is tan™* 3.

Ex. 2. Find the values of M so that the equation
12z +Aay+ 2y +11lx -5y +2=0
‘may represent two lines. [C. U. 1939]
Comparing the given equation with the general equation of the
second degree, we have
a=12, b=2, ¢=2, h=i\ f=-}, g=i.
Now, applying the criterion abc+2fgh—af* —bg*—ch?®=0,

7 65 121 h?
we have 48— 4~)\ —75—-7; —-3 =0,

or Q\'455M+850=0, ', (A+10)(AN+85)=0. .".A=—10,—"2, .

Ex. 3. Find the condition that one of the lines ax®+2hzy+by* =0
may conicide witl one of the lines a'z® +2h'zy+b'y* =0.

The given equations can be written as

b(-z)’+2h(z)+ a=0, ... (1) b’(g)'+2h'(g)+a'=o. e (2)

Let y—mz=0 be the equation of the line which is common to both
pairs ; then y—mx must be a factor of the left side of (1) and (2) and
hence m (=y/x) must be a root of both the equations (1) and (2).

.. bm® +2hm+a=0 e (8)
b'm®+2h'm+a'=0, e (4)
From*(8) and (4), by the rule of Cross-Multiplication,
om o m 1
2ha'—h'a) ab'—a’db  2bh —b'h)
ha'~ha_ mi= {_t_tj'_fa'b }"
bW -bh 2(6h'-b'h
Hence the reqd. condition is
(ad'—a'b)® =4(ha' — h'a)(bh'— b'R).
"Ex. 4. Prove that the equation
m(z® - 8xy*)+y* =3z*y=0
represents three lines equally inclined to one another,
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Let y=x tan 0 be any line of the system, so that g is the inclina-
tion of the line to the x-axis. Substituting « tan 8 for y in the given
equation, we have

m (1-3 tan® 0)+tan® 6—3 tan 6=0 e (1)
which is a cubic cquation in tan 6, giving the inclination of the
three lines to the x-axis.

3 tan 6—tan®0

1-3 tantg o0 3

From (1), weget m#

Let m=tan 3a, where a has the smallest possible positive value.
Then, tan 36=tan 3a
d0=nr+3a, or O=iur-ta.
Giving n the values 0, 2, 4, in succession, we have
0=a, 120°+a, 240°+a
which give tho inclinations of the threec lines to the .-axis, their
mutual inclinations being 120°.

Hence these lines are cqually inclined to cach other.

Note. It -should be noted that for any other value of 7, no new
line will be obtained.

Examples V

1. Find the angle between the following pair of lines
(i) 8x% — 14wy -5y%=0;
(i) 2% - 2xy see a+y*=0;
Aiii) 2% - 2rycot 0 —y2=0.
2. Find  the equations of the bisectors of the angles
between the lines
v (i) (2% +y2) sin e+ 2zy cot a=0;
(ii) a®(z +9)® +b%(x—y)* +c3(x® - y?) =0.
' 8. Prove that the lines
y2—-4zy-2>=0and y* +zy - 22 =0,
bisect the angles between one another.
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4. Show that the equation of the lines bisecting the
angles between the bisectors of the pair of lines

az? +Qhay +by? =0
is (a — b)(z2%—y2%) +4hay =0.
v+ B. Show that the angle between one of the lines

az?® + Qhay + by® =0
and one of the lines
(a—2)z2 +2hzy+(b-2A)y% =0
is equal to the angle between the other two lines of the
system. [c. U. 1934]
6. If the pair of lmes
2? - 2axy —y® =0 and 2% - 2bzy - y% =0
be such that each pair biscets the angle between the other
pair, prove that ab+1=0.
7. Show that the pair of linos
222 + 2r(p + q)zy + ¢%y% =0
is equally inclined to the pair
px? + rzy + qy® =0.
' 8 Show that the producb of the perpendiculars from
(z’, ') on the lines  az?®+2hzy +by® =0
i az’® + 9ha'y +by’?,
s NJa—b)® +h?
v 9. Show that the pair of lines az®+2hzy+by?=0
is perpendicular to the pair bz2 - 2hxy + ay® =0.
[C. U. 1935]

10. Find the equation of two lines through the origin
perpendicular to the lines

bz = Toy ~ 8y% =0.
11. Find the condition that one of the lines
az? + 2hay + by? =0
may be perpendicular to one of the lines
: a'z® +2h'zy +b'y? =0.
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« 12, Bhow that the triangle formed by the lines
az® + 2hay + by =0 and lz +my=1
is right-angled if (a+ b)(al® + 2him + bm?) = 0.
+'13. (i) Find the area of the triangle formed by the lines
2z~ y—6=0 and 3z2 - 4zy +y* =0.
. --'(ii) Show that the area of the triangle formed by the
lines ax?® +2hay +by? =0, and lz +my =1,
Jh®=ab
am?® — 2hlm + bl?

14. Prove that the line az + by +¢=0 and the two lines

(az + by)® — 3(ay — bz)? =0 form the sides of an equilateral
triangle.

is

/15, Show that y3 -2 +3zy(y —2)=0 represents three
lines equally inclined to one another. {c. U. 1940]

[ The lines are y=z, y=(—2+ N8z, y=(=2— N/38)x ; show that the
obtuse angle between each pair is 120°. ]

-16. Show that each of the following equations represents
two lines ; find also thier point of intersection and the angle
between them :

(i) 62 -bzy+y?+17x-Ty+12=0.
v(ii) 22 -y% -2z +6y—-8=0.
(iif) 222 +8zy +y* +5x+2 -3=0.
« (iv) 2y® +8zy —~ 5y — 62 +2=0.
*17. Find the value of 1 so that the following equations
may represent two lines A o
7 () 90® +30y~ 9% +Txty+a=0. 72
Y (i) z? +azy-2y* +8y—-1=0. T ’
*18: (i) Prove that z% +6ay + 9y + 4z + 12y - 5=0 repre-
gents two parallel lines. [C. U. 1937, 1944]
(ii) Show that 6z® — 52y ~ 6y® + 14z + 5y + 4 = 0 repre-
gents & pair of perpendicular lines. [c. U. 1948]
6
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(iii) Prove that 4x® —4zy+y* +8z— 4y +3=0 repre-
sents & pair of parallel lines and find the distance between
them.

(iv) Show that z?-4zy+4y®+22—4y+1=0 repre-
sents a pair of coincident lines.

19. Show that
(ab - h*Naz® +2hay + by® + 292 + fy) + af* + bg® - 2fgh
= () represents a pair of straight lines.

20. If ax? +Qhay b by? + 29z + 2fy + ¢ =0 represents two
intersecting lines, the distance of their point of intersection

from the origin is /% +2,

where 4 =bc-f2, B=ca- g%, C=ab-hZ.

21. Show that the equation
az? + 2hay + by + e+ 2fy +c=0

a_h_oq

represents two parallel lines if L b f and that when

these conditions are satisfied, the distance between them

: ﬁ:ic,}
is 2 A/ {a(a +b)

22. Show that z®+4zy+4y®-52-10y+4=0 and
4p —4ay+y2+42-2y—-3=0 vepresent straight lines
which form a parallelogram,

28, Show that the four lines represented hy

(y - mz)® =a?(1+m?)
(y—nz): =a?(1+22)

form a rhombus.

24. Show that the 4 lines given by 1222 + Tzy — 12y2 =0
and 122 +Tzy-12y° -2+ Ty-1=0 form the sides of a
square.

95. Find the equations of the bisectors of the angles
between the two lines 6z® +Txy - 6y® ~ 22z~ 41y -8=0,
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26. Prove that the pair of lines 6xz?+axy-—12y2 - 14z
+ 47y — 40 =0 are equally inclined to the pair

14z% + zy — 4y® — 30z + 159 =0.

~~27. Prove that the angle between the lines joining the
origin to the intersections of the line y = 8z + 2 with the curve

2® + 20y + 3y +4o+8y—11=0 is tan"&.‘.’:@'

[C. U. 1945]

'28. Find the condition that the fines joining the origin
to the points where the line lr+my=n meets the curve
ax? + Qhay + by® + 29z + 2fy + ¢ =0 may be at right angles.

[C. U. 1935]

29. Find the value of % so that the lines which join the
origin to the points of intersection of the line y—x—k=0
and the curve z2+y%+4x-6y—36=0 may be at right
angles.

80. Show that there are two lines joining the origin to
the points of intersection of the curves,

ax® + 2hxy + by + 29z =0

and 'z + o ey + b’y +20'2=0
a+b_a +V
aro,

and they will be at right angles if 7



CHAPTER VI
CIRCLE

6'1. Standard Equation.

To find the equation of a circle whose radius is a and
whose centre i3 taken asdhe origin of co-ordinate axes,

v Let (z, ¥y) be the co-ordinates of
*  any point P on the circle.

Then, OPZ mg2,

e X24y2=ga2,

This, being the relation connecting
the co-ordinates of any point on the
circle, is the equation of the circle.

6'2. General Equation.

b

To find the, equation of a circle whose centre is (a, p) and
whose radius is 7.

Let C(a, B) be the centre of the circle and P be any
point on the circle whose co-
ordinates are (z, y). Y
Then, CP%=r2. P
.". .by Art. 24,
(x-a)2+(y-8)2=r2 ...(1)
On simplifying the equation
(1) reduces to
22 +y? - 2az - 2By + a?
+p2-r?=0,. 0
_ which is of the form
x2+y2+2gx+2ty+c=0. e (2)
8o (2) is very often taken as the general equation of a
-~ oi!cle-'

%,?
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6'3. Locusof x2+y2+2gx+2ty+c=0. .
To prove that the equation
z?+y? + 22 +2fy+c=0 - (1)

always represents a circle and to find its centre and radius.
- The given equation can be written as
(@® +2gz+ %)+ (y* +2fy +f2) =g +f2 o,
or (@+g)?+y+7)2=g*+f~c, - (2
or fo-(= gl +{y = (- ={ J@T+f7 -0 (3)

This shows that the equation is the locus of a point
such that its distance from the fixed point (—g,-f) is
constant, being equal to /g% +f2%—¢.

Hence, the equation represents a circle,
whose centre is (~g,-1),

and radius is Jg¥+f3-¢,

If g2 + f° — ¢ <0, the radius which = \/ g% + /2 — ¢ becomes
imaginary. Hence the condition that the above equation
should represent a real circle is g*+f*—¢ € 0. Thus we
see that the reality of coefficients in the equation of a circle
does not necessarily imply the reality of the circle.

Note 1. In the limiting case when ¢?+f* —c=0, the radius of the
circle being zero, the circle reduces to a point viz. the centre. In such
a case, the circle is called a point-cirele. The equation (2) in this
case becomes

(@+g)*+y+n*=0
which is only satisfied by (—g,~f), the co-ordinates of the centre.

Similarly the standard equation reduces to a point-circle x* +y* =0

when a=0. .

Note 2. The three independent constants g,f, ¢ in the general
equation of a circle signify that a circle can be found to satisfy only
three independent geometrical conditions viz, those of passing through
3 points. :
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. 6’4, Condition for a circle.
To find the condition thal the general equation of the

second degree
ax® +2hay + by + 29z +ofy +c=0 - (1)

should represent a circle.
Comparing (1) with the general equation of the circle
viz. z?+y%+2z+2fy+c=0,

which on being multiplied by any constant ¥ may as well
be written in the form

kz® +ky +2z+ %'y +c =0
(where ¢’ =gk, f =Sk, ¢’ =ck).
we conclude that the general equation of the second degree
will represent a circle if a=b and h=0,

4. e. if the coefficients of x> and y* be the same and coefficient
of xy be zero.

Cor. Thus, we see that the equation
alz® +y2) + 2z + 2%y +c=0

also always represents a circle. Its centre and radius
can easily be found as in Art. 63 by first dividing the
equation by a.

6'5. Position of a point in relation to a circle.

The point (zy, y,) lies outside, upon or inside the circle
22 +y? - a? =0 according as
z;2+y12-a®* > = or < 0.
Let P be the point (x,, 1) and C(0, 0) the centre.
Then PC?=z;2+y,°..
Now P lies outside, upon or inside

& the circle
according as PC > »: < its radius,
. i.e. w » PC%2>11< (radius)?,

3124‘1]12 S>=< a'.
i.e. according'as z,%+y.2~a% > = or < 0.
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Similarly it can be shown that the point (zy, y1) lies
outside, upon or inside the circle
22 +y% + 2z +2fy+c=0
according as .2 +y1%+ 29z, + 2y, +¢c > = or <0.
For, in this case, PC? =(z, +g)% +(y, +£)?,
and (radius)® =g% + % —¢.

6°6. Intersection.of a line and a circle.
To find the points of intersection of the line

ynma;+c e (1)
with the circle z% +y? =a? . . (2)

The absciss@ of the common pomts of intersection will
be the roots of the quadratic in z obtained by eliminating y
between the equations (1) and (2).

Substituting the value of ¥ from (1) in (2), we get
22 +(mz+c)? =at,
or (1+m?)z2+%mex+c®-a®=0. .. (3)

Similarly, eliminating x between (1) and (2), the quadratic
in y giving the ordinates of the common points is found to

be .
(i ovee
or (1+m?)y? -2y +c®-a’*m?=0. .. (4)

From (3), it is clear that a st. line intersects a circle in
two points, real, coincident or rmagmary, according as the
roots of (3) are real, coincident, or imaginary,

i.e. according as
(2mc)? - 4(1 + m?)(c? ~ a?) is positive, zero or neg.
i.e. according as
a%(1+m?)—c? is positive, zero or negative,

i.e. according as c? < =or > a%(1 +m?).
» npumerically,¢c < = > af1+m®

[4
» ftm ST 7
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i.e., according as the length of the perpendicular f}om the
centre upon the line is numerically less than, equal to, or
greater than the-radius of the circle.,

Note. The points of intersection of the line lx+my+n=0 and the

circle 2? +%* +29z+2fy+c=0 can be obtained exactly in the same
way.

6'7. Tangent at a point.

To find the equation of the tangent at the poine (x4, y1)
to the circle

(i) 2* +y* =a®;
(i) 2®+y%+2z+3fy+c=0.

Let P be the given point (x4, ¥1)
Q and let Q(zg, ¥z) be a point on the
cirele very close to P.

The equation to PQ is
/P ¥ vy =Yg g). L. (D)

Ty, — 22

(i) Since (z,, y1) (24, ¥2) lie on the circle z®+y%=qa?,
z, Py P mat =z 49,0,

or, 2,8 -2yt +y,2 =92 =0,

or; (€1 = zalzy +23)= = (y1 = y2)y1 +v2).

g BTV, St . (@)

Ty =g Y1+ Y2 *
By (2), the equation (1) becomes

—y. = Tt Ty
. Y=v1 Y1 +9s (50 4’1)-
or, (z=az)m+2a)+@W-y)wsi+ya)=0, .. (3
which is the equation of the chord PQ.
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Lét @ approach very close to P, so that ultimately Q
coincides with P ; then #y =z,, y2=y, and the secant PQ
becomes the tangent at P. .

°. the equation of the tangent at P i.s
(z-2,)2zy +(y - y1)2y, =0,
ie, Tx+yn=a.’+y,%*=a?
' d.e. XXq+yy,=a2

(ii) Since (x4, ¥1), (z2, ¥2) lie on Ithe circle 22 +y? + gz
+2fy +¢=0,

we have 1% +y,%+ 2z, + 2y, +c=0 } (@)
222 +ya® + 22y +9fys +c=0. .
By subtraction,
21 =22 +y, % —yo? +9lz, ~2,5)+ 2y, = 42) =0,
or (z3-xs)wy +as+29)+ (Y2~ ys)ys +y2 +2f)=0.

U=l _Tahaztdg (5)
Ty=Ts Y1ty +2f e

Hence the oquation (1) hecomes

T, + a9+ 99
Y- @ - - — S I (e
y=n=- +2f( 1)

or, (z—zs)zs+2:+29)+(y-y1)ys+y:+2)=0
which is the equation of the chord PQ. .. (6)

As before, putting z;=2,, ¥, =y, in () the équation
of the tangent at P is
(z =, )2z, +2¢) + (v - ¥.)(2y1 +2/) =0,
or, @1+ +ylr+f)=21®+y.* +gz1 +fys
= —(gz1 +fys +c) by (4)
or, XX.+yy +g(x+x.)+(y+y)+e=0. .. (M
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Note. As an aid to memory, the following points should be noted.
Replace the terms 2, y*, 2z, 2y in the equation of the circle (ii) by
zz,, YY,, *+x,, y+y, respectively and we get the equation of the
tangent at (x,, yi) ‘to the circle (ii). This rule is also applicable in
the case of equations of tangents to parabola, ellipse and hyperbola.

Alternative Method.

The equation of the tangent can also be obtained by
usmg the property that the tangent at any point of a circle
ig perp. to the line joining the point of contact to the centre
of the circle.

Any line through P(z,, y,) is

y—in=mlr—-x,). (1)

c For the circle (i), centre Cis (0, 0).

I equation of PC is y =-Z—: z. ...(2)
A P 8 If (1) be a tangent to the circle (i),
it must be perp. to (2) i.c., mx”l =-1, i.e, m= _% .

Substituting this value of m in (1) and simplifying, the
reqd. equation of the tangent is obtained.

For the circle (ii), centre Cis (—g, —f).

Equation of PCis ¢~y =: _l_jgt(a: xy). (3)
If (1) be a tangent to the circle (ii), it must be perp. to
. nrf__q =Tty
(8), i.e., Xz1+g 1, ie,m yiEf

»

Substituting this value of in (3), we get the req;i. equa-
tion of the tangent

-l1tg
vitf

or (z=ai )My +0)+(y—yi)ys +/)=0,
which can be simplified as before.

Y= (@ = 21)s
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6'8. Condition of tangency of a line.

(A) To find the condition that y=mz+c ...(1) shall
touch the circle x> +y2 =a? ... (2).
Substituting the value of ¥ from (1) in (2), the abscisse
of the points of intersection of (1) and (2) are given by
22+ (mz+c)? =a?,
ie (1 +'m,2):c.”+21ri¢xz:+c2 -a?=0. . (3
If the line (1) touches the circle (2), the two points of

intersection of (1) and (2) become coincident and hence the
two roots of (3) become equal.

4m?c? = 4(1 +m?)(c® - a?),
ie. ¢t =a%(1+m?2),
ie. c= +aJi+m? e (4)
which is therefore the condition of tangency.
Thus each of the the lines y=mx+ai+m? is always a tan-
gent to the circle x?+y?=a?, whatever be the value of m.
The general equation of a tangent to the circle x® +y?
=qa? is representable in the form
y=mztal+m? ... (8)
where m 18 a variable parameter.

Cor.1. For any particular value of m, the two equations
y=mz+af14+m®,  y=mzr—aJ1+m?

represent a pair of parallel tangents to the circle and the
line through the points of contact is z +my =0.

Cor. 2. It can be easily shown directly or by change
of origin that each of the lines y — k=m{z — k) +a J/1+m? is
always a tangent to the circle (z - k)2 + (y — k)% =a®.

Note. The above condition might have been obtained also from
the equation (1+m?)y®—2cy+c®—a*m®=0, which gives the ordi-
nates of the points of intersection. Each of the equal roots of (8)
and that of this equation give respectively the abscissa and ordinate
of the point of condact of tho line when condition (4) is fulfilled.
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Alternative Method.

When a line touches a cirele, the perp. from the centre
upon the line is equal to the radius. Since the centre of
the ® is (0, 0), the condition that (1) shall touch (2) is

JiEmi T
Hence etc.
(B) To find the condition that the* line lz+my+n=0
... (8) shall touch the circle 2% +y* + 2z +fy +e=0 ... (7).

Since the centre of ® is (-g, —f) and radius is
= Jg®+f%=c¢, the condition of tangency of line (6) with
the cirele (7) is

JiE+m? =t Jg e,
i (gl+fm—n)? =2 +m?)g? + 1% =),

or (12 + m2)e +n2 = (fl ~ gm)?® — 2fmn — 2gni=0.

Note. The above condition of tangency can also be obtained by
the first method of (A).

6'9. Point of contact ot a tangent line.
(A) To find fhe point of contact when y=mz+c¢ ... (1)
touches the%z"é”+y’ =a?, ... (2)

Let (z1, y1) be the point of contact. The equation
of the tangent to (2) at (24, ¥1) is

x4y + YY1 =a®. w e (8)
Write (1) as ~mz+y=c. .. (4)
Then (8) and (4) must be identical.

.". Comparing coefficients of (3), (4).

2
L1 Y1 .0,
-m 1 ¢
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== Qi_, Y=
c ¢
When (1) touches (2) since ¢ =a/1+m?,
the co-ordinates of point of contact can also be written as

ma_ a
(' Jitm® 7117*)’
(B) To find the point of contact when lx +my +n =0 (5)
touches the circle z® +y® +2gz +3fy +c=0. (6)
Let (21, y1) be the point of contact. The equation of
the tangent to (6) at (z,, ¥,) is
xzy +yy1 +glz+2,)+fly+y,)+e=0,
or x(zy+g)+yly: +f)+gz, +fyr+e=0. ... (7)
Hence (7) and (5) must be identical.
zrtg _yitf_gzitfy,te
! m n
9@+ )+ 5y +1) = (gz5 + fys + )
gl+fm—-n
e
gl+fm-n
g +f2-c mig® + £ —¢
A AR Ty =
6'10. Normal at a point.
To find the equation of the normal at (21, 1) to the
circle
(i) z2+y%=a?;
(ii) z® +y%+ 2z +2fy+c=0.
The normal at any point P of a circle is the line which
passes through P and is perp. to the tangent at P.
(i) Here the tangent at (z,, 1) is
2z, +yy1=a’,
&, a’ )

i.e. = - Lkp 4 T e
e v Zhv Y1 @



94 , CO-ORDINATE GEOMETRY

‘Any line through (z,, y,) is
vy =mlz-2z,). < (2)
If (2) be normal at (z1, ¥,) it must be perp. to (1).
mx(-ai')=-1. ie. m=1
Y1 2z,
The equation of the normal at (z,, %) is therefore

Y= =z:(w-x1‘).
ie. yix—xzy=0. (3)
(ii) Here the tangent at (z,, y,) is
xxy +yyy +gl@+ 2 )+ fly +y1)+c=0,
or z(zy+g)+ylys+f)+gzi+fy +c=0,

- - ZTikg _oxitfyste,
ie. Y vt s ey (4)
Any line through (z,, ¥4) is
Y=y =mlz—z,) = (5)
If (5) be normal at (x4, 1) it must be perp. to (4).
_Zitg)_ _ . _nitf,
mX ( Y 1, te m 2, +g

The equation of the normal at (x4, y,) is therefore
. =2
Cht Pl il CAt )

ie., 1+ flz—(x1+q)y — fx, +gy, =0. (6)

Note. Since the equation (3) passes through (0, 0) and (6) passes
through (—g, —f), the centres of the respective circles, it follows
that the normal at any point of a circle passes through its cenire.

6'11. Number of tangents from a point.

To show that from any point there can be drawn itwo

tangents to a circle.
Let (24, 1) be the point and let the circle be
w’ +z’2 -a" XL oo (1)
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The equation of any tangent to (1) is
y=mz+aJl+m?, (9
m being a variable parameter.

The problem of drawing a tangent from (z,, %) to (1)
reduces to that of choosing the parameter m so that (2) may
pass through (z,, y,). The requisite relation to be fulfilled
by m is accordingly .

. YL =mzx, +aJ1+m? (3)

or (yy-mz.)?=a%(1+m?),

or Yy 2-9%mxy1+miz,2=a2(1+m?),

or m*z1%-a?)-2mz Yy, +y. 2 —a®=0. -+ (4)

This equation bheing a quadratic in m gives two values of
m, corresponding to each of which we have by substitution
in (2) a tangent through (z,, y,).

Evidently the two tangents from (z,, y,) will be real,
coincident or imaginary according as the two roots of (4)
are real, coincident or imaginary,

i.e. according as (2z,%.)% = 4(z:% —a®)(y1% - a?) 20,
" a®(z,® +® ~a?) 20,
" 2,2+, - a? 20,
i.e. according as the point (z1, 11) is outside, om, or
inside the circle. [Art. 6°5)

6'12. Pole and polar.

Def. The polar of a given point is the line which passes
through the (real or imaginary)
points of contact of tangents 8
drawn from the given point ;
also the pole of any line is
the point of intersection of A
tangents at the points (real .
or imaginary) in which the e
line meets the circle.
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(A) To find the polar of the point (21, y1) w.r.t. the
circle :
() 2% +y* =a?,
(i) =2 +y® + 29z +2fy +c=0.
If the points of contact be A(zs,ys), B(zs,ys), the.
tangents at these points are
. zz2 +yys =a?,
TLg + YYs "az.
both these tangents pass through P(z,, y1), we
have
T1Za +Y1Y2 =a?,
T1%s + Y1Us =a’.
These Telations show that the two points A(zs, ¥2),
B(zg, ys) are situated on the line
XX, +yy,=a2,
which is therefore the required equation of the polar of the
point (21, ¥1).
(i) If the points of contact be A(z2, ¥3), Blzs, y3) the
tangents at these points are
xz2 +yy2 + 9@ +22) +f(y +y2)+c=0,
and zzs +yys +gle+azs) +f{y+ya)+c=0.
both these tangents pass through P(z,, ;) we have
@12y +Y1ys + (@1 +z2) +flyr +y2) +e=0,
Z123 +Y1ys +9(@1 +25) + fly1 +ys) +c=0.
These relations show that the two points A(a:,, y2) and
Blzs, ys) are situated on the line
xx4+¥¥4 +x(x+x1)+l(y+y1)+c-0.
" which is therefore the required equation of the polar of the
point (21, ¥1).

“Note. It should be noted that when the point P lies within the
cirele the two tangents that can be drawn from P together with their
. ‘points of contact 4, B are imaginary, but- the polar which is no other
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than the line joining the imaginary points of contact is a real one.
When P lies on the circumference of the eircle, its polar coincides with
the tangent at P.

(B) To find the pole of the line lz+my+n=0 w. r. .
the circle

G) 22 +y%2=a’.
(i) 2 +y2 + 2z +2fy+c=0.
(i) Tet {z,, ¥1) be the required pole of the line.
Now the polar of (z,, #1) w. r. L. (i) is
zz1+ w1 —a®=0.
this must be identical with
lx+my+n=0.

J m
whence 2= -;az, Y= — ;'laz.

(ii) Let (x4, ¥1) be the required pole of the line.
Then the polar of (z1, 1) w. r. t. (ii) is

xz, +yys +gletz,) +fly+y.)+c=0,

or z(zy +9) +ylys +) +gz1 +fy, +e=0.
This must therefore be identical with
lz+my+n=0.

zy+g _yr Hf_gzi+fyte
I m n

o Ol +9) + flys +£) = g2+ + fys +¢)
gl+fm=-n

2+ -c,
gl+fm-n

. — U +f=e)

mla®+f%~0) _
gl+fm-n

gl y‘ gl+fm-” fo
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6°13. Properties of pole and polar. .
(i) If the polar of a point P w. r. t. a circle passes
through Q, the polar of Q passes through P. '

Let the co- ouhna.tes of P, Q be (zy, y), (9:2, y2) and det
the circle be =z +y=a?’ (1)

The polar of P with respect to (?) is zx, + yy, =a®-+(2)
The polar of Q with respect to (2) is 2z, + yyz =a2++(3)
If (2) passes through @, then
Ty + Y21 =0
which is exactly the condition that (3) passes through P.
(ii) The point of intersection of any two lines is the
pole of the line joining the poles of the lines.

Let O bhe the intersection of the lines AB, CD and let P,

. Q be their poles. Since the polar of P viz. AB passes

through O, the polar of O passes through P. Similarly the

polar of O passes through Q. Hence PQ is the polar of O ;
in other words, O is the pole of the line PQ.

(iii) If the pole of the line lx+my+n=0 with respect
to a circle lieson U'z+m'y+n'=0, then the pole of 'z +m’'y
+n =0 lies on le + my+n=0.

Let the circlo be z2 +y%=qa2.

Pole of lz+ny+n=0 is(- }z-az. —:’:az) . (D
’ ’ ’ l' 'm,'
Pole of 'z+m'y+2n =0 is (-;t,az, -n,'az) ... (2

Since pole (1) lics on Uz +m'y+n =0.

l'.(— 1 a"’) +m'.( -’Ea’)+n'-0-
n n
ie. Wa?+mm'a®—nn'=0
which is exactly the condition that the pole (2) lies on
. le+my+n=0.
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6'14. Chord of contact.

From the definition of the polar of a point, it is clear
that the polar of a point is nothing but the chord of contact
produced infinitely both ways. Hence the equation of the
chord of contact of the tangents drawn from a point (z,, y,)
is to be obtained exactly in the same way as in the case of
the polar of the point, and their respective equations
for the circles (i) 2% +y*=a?,

(ii) z®+ 9%+ 22 +2fy+c=0,
being, as in the case of polar

xx,+yy,=a?
XX, +yy, +g(x+x,)+i(y+y,)+e=0.
Note. It should be noted that the cquation of the tangent at (z,,y,),

-equation of the polar of the point (x,, 7,) and the equation of the chord
of the contact of tangents drawn from (z,, y,) are all identical in form.

6'15. Length of the tangent.

To find the length of the tangent from an external point
{z1, ¥1) to the circle
(i) #® +y®=a®,
(ii) z® +y2 + 29z +2fy +¢c=0.
Let P(z:, y1) be the external point, PT the tangent
and C the centre of the circle.

Then since ZPTC=a rt. /.
: PT?=PC%-C1%
(i) Here C is (0, 0). P
s, PC =g ®+y,%; CT? =_a’.
s. PT*=x,2+y,2-a%x’
{ii) Here Cis (=g,~1) ; :
. PCPm(z 49 +(y +f)?; CT*=g? +f* -c.
. PTie(zy+g) + @+ =(g* +/=0)
-X1’+y12+2SX1+2IY1+0.. W

T



100 CO-ORDINATE GEOMETRY

Thus, we see that if (z., y1) are substituted for z, y in
the left-hand side of the equation of a circle which is written
with the coefficients of x® and y® each equal to wunity and
with the right-hand member zero, we get the square. of the
length of the tangent from (x4, y1).

Cor. The square of the tangent from tho origin to the
circle z2+y%+2gz+2fy+c=0 is ¢, which can, therefore,
be taken as the geometrical interpretation of c.

6'16. Illustrative Examples. )
Ex. 1. Find the equation of the circle passing through three points
(21 41)s @2, a), (@3, 9s). [C. U. 1934}
Let 2%+ y* + 2gz+2fy+c=0--:(1) be the equation of the reqd. circle.

Since it passes through the 3 points,

.. 2, +y,* + 2z, + 2y, +c=0. - - (2)
@ +Yq* +2020 +2fy, +¢=0, - - (3)
3%+, +292, +2fy, +¢=0, - e (4)

Eliminating the unknown quantities g, f, ¢ between (1), (2), (8), (4),
we have the reqd. equation of the circle
z?+y* Y 1] =0.
z,+y,* T, Y1 1
Tt +y." 2, Ya 1
z,%+y," Ty Ys 1
Note. .In numerical examples, it would be convenient to obfain
the actual values of g, f, c from (2), (3), (4) and ‘substitute them in
(1), as shown below.
Ex!2. Find the equation of the circle which passes through the
pow’ (31 4), (3) —-6), ("'lv 2). '
Let the equation of the circle be
® +9* + 29z +2fy+c=0.
Since it passes through ‘the 8 points, we have
25+4-6g+8f+c =0.
45+ 64 —19f+c=0,
. 5=2g+4f+o=0.
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From the above 3 equations we casily obtain g= -3, f=1,c= ~15,
Hence the reqd. circle is

z?+y*—6x+2y~—15=0,

Ex. 8. Find the equation of the circle described on the line joining
Lhe poinds (x,, ¥,), (x4 ya) as diameter.

Let P(h, k) be any point on the circle and A(z,, y,), B(z,. y,) be
the given points. The equations of P4, PB are

TN L TR
Kl k= h—a:. ((C h):

k
and y—I= L

- U,
. -——m; (:c - h).

Since APB is a semicircle, PA, B are at right angles and hence
the product of their m's= —1.
Sk THE s T

h—z, h—z,

or  (h—=z,)(h—xy)+(k—y,)(k—y,)=0.
This shows that (k, k), lies on the circle
(x=x,)(x = x2) +(y - y1 )y ~=y2) =0,
which is therefore the reqd. equation.

-1,

Ex. 4. Find the length of the chord by the circle x*+y*=a® on the
dine y=mx+c.

Let O be the centre of the circle and 4, B be the extremities of the

«chord. Draw OM perp. to 4B.
Then AB=24M; AM*=04°-0M".

- el _gfat1+m) e

4B =440 =afa* - N T e Ul

+whence AB can be obtained.

Examples VI(A)

1. Prove that the centres of the three circles z* +y% =1,
22 4+y2+6r-2y=1,22+y%-12z+4y=1 are collinear.

2. Find the area of the triangle formed by joining the
centres of the circles
i +y?+%+dy—4=0, £’ +y* +6z+4y+9=0,
z®+yt-dz-4y+2=0, ) -
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8. If A4, B, C be the centres of the three circles
z?+y? =27, 2% 4942 - 10y-12=0, 2® +y% -5 /3x - 5y - 35
=0, verify that the triangle 4 BC is equilateral.

+ 4. If A4, B, C, D be the centres of the four .circles,
(i) z® + 9% - 242 - 10y + 25 =0, (ii) 2® + y% + 52 - 12y - 37 =0,
(iii) 22 + 9% + 242+ 10y + 144 =0, (iv) z®+y% - bz +12y-20
=0, show that the quadrilateral is a rhombus whose.
diagonals cross each other at the origin.

[ Show that AC, BD bisect each other orthogonally gt the origin. ]

5. Show that the two circles _
() 2 +92-82+10y+5=0, 22 + 9> + 2z - 14y +1=0
touch each other externally.
(i) 22 +92 - 142+ -T1=0, 22 +9y% -8z + 10y +5=0
touch each othpr internally.

8. Find the equations of the circumcircles of the triangler
whose vertices are

@ (2,1),(,2),6,9);
(ii) (3, 0), (12, 0), (0, 6).
7. Find the equation of the nine-point circle of the
triangle whose vertices ate (2, 4), (4, 6), (6, 6).
[ Nine-point circle passes through the mid-points of the sides of a-
triangle. ]
8. Find the equa.tlon of the circle which is concentric

w1th)the circle 22 + y% = 8z + 12y + 15 = 0 and passes througb
(5, 4

9. (1) Fmd the position of the point (2, — 3) w. r. . the:
circle z? + y2 + 2z~ 4y —9=0.

(i) Does the line 3z + 4y +12=0 intersect the ecircle:
z2+y?-42-6y-12=0?

10. Does the equation z?+ y2% -~ 2z + 2y+8=0 represent
a real circle ?
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11. Show that the equaition of the circle through the
origin and through the points (z,, y,) and (z2, 7.) is

#*+y® oz oy [=0.
z P+ oz, oy
@2?+y2® xo 9,
12, Find the infercepts made on the c(}-ordina.te axes by
the circle 2+ 92 + 2z +2fy+c=0. [g2 > ¢, f2 > ¢

13. Show that the line 3z+4y+7=0 touches the circle
z*+y? —4x-6y~12=0 and find its point of contact.[ \
C.U.

14. TFind tho equation of the tangent to the circle
(=1)%+(y - k)2 =a* at the point (+a cos a, k+a sin a).

15. TIf the line x cos a+y sin a=p touches the circle
(z-a)?+(y=b)*=7r2 then a cos a+b sin a=p+r.

. 16. Show that the condition for the tangency of the line
x cos a+ysina—p=0to the circle #®+y%+2z+2fy+ec
=0is p® +2plg cos a+f sin a) = (g sin a~f cos a)® +c=0.
17, If the tangents at (2, 4,) and (zs, y2) on the circle
x? + 9y + 2z + 2fy + ¢ =0 are perp., show that
T Za + Y y2 +olz, +30) + fly, +y2) +g2 + 12 =0.
18. Show that the circle 2%+ y2~2az—2ay+a®=0

touches hoth the co-ordinite axes and find their points of
contact.’

19. Find the equations of the tangents to the circle
z*+y® -2 -4y-4=0, which are (i) perpendicular,
(ii) parallel to the line 3z—4y—-1=0.

20. Find the points on the circle z®+y®-2+6y
—58=0 at which the tangents are parallel to the line
z+4y-T7=0.

21. Find the equation of the pair of lines joining the
origin to the points of intersection of the line % + % =1
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with the circle z% +y% =¢? and hence deduce that if the line

is a tangent to the circle, then’ 12 + b" clz'

[ Use tho condition the pair of lines become coincident. ]
22. (i) I‘md the length of the chord intercepted by the
cirele 2 +y% - 192+ 16y — 69 =0 on the line 3z — 4y +10=0.

(u) Show that the length of the least chord of the
circle z*+y2 +2qa:+2fy +¢=0 which: passes through an
internal point (z, y,) is

2\/{"(2712 +v, 2+ 2z, +2fy, +ek
[ See Ex. 4, Art. 6°16. ]

23. Prove that the equations
{y - 8) = mlz - a)}* =a*(1 +m?),
and {mly - B)+ (- a)}® =a?(1 +m?)
represent the sides of a square circumscribed about the circle
(z-a)®+(y-p)*=a’
[ T'he two equations break up into 4 lines each of which is a tangent
to the circle. ]

24. Find the condition that lz+my+n=0, should be a
normal to the circle z2+y%+ 29z +2fy+c=0.

v'25. (i) Find the pole of the line 22~y +10=0 w. . t. the
circle 22 +y2 — Tz + 5y —1=0.

(11) Show that the polar of the point (k, k) w.%. ¢. the
circle 2 + y* — 2Ar + ¢ =0 where A is a variable parameter,
a.lwa.ys passes through a fixed point.

v26. Prove analytically that the polar of a point w. r. £. a
cirele is perp. to the line joining the point to the centre.

27. Verify that the three points (zi, i) (2, ¥oh
(z3, y3) will be collinear if and only if their polars w.r.t. the
circle z2 + y% =a® are concurrent.

28. Show that the distances of two points each from the
polar of the other w.r.t. a circle are to one another as the
. distances of the points from the centre of the circle.
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29, Find the length of the tangent from the point (7, 2)
to the circle 2z* + 2y + 5z +y — 15=0.

80. Find the locus of a point the tangents from which
to two circles are (i) equal, (ii) in a constant ratio m : n.

\31. Show that the lengths of the tangents from any
point on the line 3.1: 8y+ 2=0 to the circles z2+y% -4z
+6y+8=0, and z°+ y*+2x— 10y + 12=0 are equal.

32. Show that the length of the tangent drawn from
any pomt on the circle z° +y + 202+ 9fy+c=0 to the
circle 22 +y2 + 2z + 2fy +¢' =0 is Jc'—e.

33. Find the equation of the circle passing thorugh the
common points of z®+y2-2z-4y-4=0, 2z+3y+1=0
and the origin.

X84, Find the equation of the circle which passes through
the common points of thecircle S=x® + 4% + 2z + 2y +¢ =0
and the line L=lz+my— 1=0 and the origin.

[ S+AL =0 is lhe equation of any circle through the common points. ]
85. Find the equation of the circle which has for its

diameter the chord cut off on the line L=le+my—-1=0
by the circle S=z%+y*—-a®=0.

[ Express the condition that the circle S+AL=0 Las its cenire on
lz+my=1. ]
36. Show that a circle can be inscribed in the quadri-
lateral whose sides are
z=0,y=0, £ cos a+y sin a=p, z cos a’ + y sin a' =p,
if (1 +sin @’ +cos a’)=p'(1+sin a +cos a).

87. Show that the necessary and sufficient condition for

four given poins (x4, 1), (3, ¥2), (zs, ¥s), (24, 74) to be
concylic is

[ 2,24y, = v 1 :0.

z22+ys? zp oy 1

za?+ys® x3 ys 1

1

Tl +ys® Tl oy
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6'17. Equation of a chord in terms of its middle
point.

To find the equation of the chord of the circle
z® +y®=a? --- (1) whose middle point is (z,, y1).

The equation of any chord through (z,, y4) is
= y=mlz-z,). . (M

The line joining the centre of the circle and (z1, ¥1)

is y=:iw. (8)

Since (7) and (8) are perp.

. . z
P A G P T

Ty U

thd required equation of the chord is
x
y=y1=— *(z-z.),
U1

ie. (X=X)x,+(y=y4)y,=0.

Similarly the equation of the chord of ‘the eircle
2%+ y?% + 29z + 2fy + ¢ =0 whose middle point is (x4, ¥,) is

(=2 )@, +9)+y~y: Ny +)=0.

6°'18. Pair of tangents from a point.
To find the equation of the pair of tangents from a point
(x4, ¥4) to the circle =% +y2 =al.
Let the equation of any line through (z,, y,) be
y=y1=mlz-z,). - (1)
If it be a tangent to z2 +y2%=qa?

(mzy —y,)? _
1+m?

or (mzxy~-y.)=a?(1+m?). = (2«

az’ .
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Now eliminating m between (1) and (2), we get the
required equation of tangents to be

fzily-y) - yile -z N =a?{lz-2,)* +(y — )%
or (z1y-912)* =a*{lz-2,)* +(y-y.)%}
This when simplified can be put in the standard form

(2 +9% =a®)z,? + 9,2 - a") =(zz, + yy, —a?).

6°'19. Parametric representation.

Slnce a:-a cos 0, y =a sin 0, satisfy the equation of the
cirele 22 + 42 = a2, whatever be tho value of 0, co-ordinates
of any point on the above circle can he represented by

X=a cos 6

y=a sin 6
which are called parametric equations, 8 being called a
parameter.

By eliminating 6, we get the equation in z,3. The
point whose co-ordinates are a cos 0, a sin 8, is for sake of
brevity called the point 6.

Since Z =tan 0, or y=x tan 6, 0 is the angle which the

line joining the centre to the point of contact makes with
the z-axis. This is sometimes spoken of as the geometrical
interpretation of the parameter 6.

6'20. Equation of the chord in parametric co-
ordinates.

To ﬁnd the equatlon of the chord of the circle

y =gl joining the points (@ cosf,a sin ) and
(a cos @, a sin @).

The equation of the line joining the points

z—acos Y=o rin f

. alcos ¢ = cos ¢ 0) alsin ¢ — sin 6)
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or . Z—acosh
2 sin 4(0 + ) sin #(6 - 9)
.. Y-asinb
~92 cos 3(0+¢) sin 46 ~9)
or m—acosf _ _ y—asinb

sin3(0+¢) cos #(0+ )
or z cos 3(0 + )+ y sin 3(6 +¢)
=1{a cos 6 cos ¥(6 +¢) +sin 0 sin 3(6 + o)}
=a cos {6~ (6 + @)}
=a cos 3(0 - ¢).
Thus, the required equation of the chord is
2 cos 3(6 +9) +y sin 3(6 + ¢)=a cos 3(8 - ).
Cor. 1. Putting ®=0 in the above equa,tlon of the chord
Lhe equation of the tangent at (a cos 6, a sin 0) is
X ¢cos 6+ysinO=a,
Thus, the lme zcosO+ysin 0=qa is a tangent to the
circle z* + y2 =a? for all values of 6.

Cor. 2. It can be easily shown dnectlv or by change of
origin that (a: a) cos 6 + (1/ —-B) sin 0=a is a tangent to the
cirele (z - a)2 + (y - B)2 =4

Note. The equation of the tangent at ‘6" can be obtained indepen-
dently as shown in Art. 6'7 (4lternative method).

6'21. Polar equation of a circle.

To find the polar equation of a circle whose centre is
P (k, a) and radius is a.
Let (r, 8) be the polar
co-ordinates of any point
P on the -circle. Then
L XOP=0, OP=r.
Since,
L X0C=a, OC=k.
X . LPOC=06-a.
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Now, from AOIC,

PC*=0P*+0(C?-20P.0C cos POC.
a®=r®+ k= 2rk cos (0 - a).
r*=%kcos(0-a)+k®—a*=0, .. (1)

or 72 —2rk cos (0 —a)+¢=0, O )
putting c=k*-a?
This being the relation hetween the polar co-ordinates of’
any point on the circle is the polar equation of the circle.
Cor. Any equation of the form
72 +7(4 cos 6+ B sin 0)+¢c=0
represents a circle.

Note. If r,,r, be theroots of (1), we have 7,r,=c®—a”=const.
for all values of 0. Hence, if through a point O, a secant OP,P, is
drawn to meet the circle in 2,, P,, then OP,. OP, is constant.

Special cases.

(i) When the pole is on the circumference.
Now co-ordinates of C are (a, a).
From A0OPA,
OP= Q4 cos POA,
ie. 7r=2a cos (6 —a) 0
This is the required equation.

Cor. The above equation can be written as
r=A4 cos 0+ B sin 0.

(ii) When the pole is on the circumference and the
initial line passes through the centre.
Now, co-ordinates of C are (a, 0). P
From AOPA:
OP =04 cos POA,

i.6. r=2acos?.

This is the required equation.. .
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(iiii) When the centre of the circle is taken as the pole,
whatever be the direction of the initial line.
Now, OP=a.
r=a.
This is the required equation.

622, qu;ation of a circle (obligye axes).

Let the co-ordinates of the centre and any point on the
circle of radius a be (a, 8) and (x, ) respectively w.r. ¢ a
Y pair of oblique axes 0X, OY,

 heing the angle between the

axes.
g Now CP%=qa2.
by Art. 2°4 (B),
(z-a)*+(y-B)*
| +2(z - a)(y - B) cos @=a?.
0 X

This is the reqd. équation.

6'22. Ilustrative Example.

Ex. Find the equation of the tangents from the origin to the circle
" 24yt 14z +2y+25=0,

Let y=mz ... (1) be any line through the origin. The abscissm
-of the points of intersection of the line and the circle are given by
(1+m%)2® +z(2m~—14)+25=0. Hence the line.will be a tangent to the
<ircle, if it has equal roots,.

Q6. if (2m—14)"=4x25(1+m?),

or 12m* +7m—12=0, T (9)
Now eliminating m between (1) and (2), we get the tangents from
the origin vis., R .
12y° +Tzy—122° =0, -
or 12z =Tay—1%y® =0, « . (8)

»
othﬁrw‘”q

The polat of the origin . r. ¢ the circle i§ 7Tz —y=26. Now if the
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equation of the circle is made homogeneous by means of this equation,
we shall get the equations of the pair of tangonts from the origin viz.,
(Tz—m)
J’) +25( ) ‘0'
which when simplified leads to equation (3).

Examples VI(B)

1. A point moves so that the sum of the squares of its
distances from the a.ngulm points of a t;ua.n{.,le is constant.
Show that the locus is a circle whoge centre is the centroid
of the triangle.

z?+y* + (2 — 142)

2. A point moves so that the sum of the squares of its
distances from n fixed points is constant. Prove that its
locus is a circle.

3. Find the locus of a point which is such that the
tangents from it to two concentric circles are inversely as
their radii.

4, If the sum of the squares of the tangents drawn from
a variable point P to n given circles is constunt ; prove that
the locus of P is a circle.

5. Whatever be the value of a, prove that the locus of
the point of intersection of the st. lines  cos a+ y sin a=qa
and  sin a—y cos‘a=b is a circle. [C.U. 1946)

6. Show that the locus of the feet of the perpendiculars
from a fixed point on a circle upon its diameter is another
circle and determine its centre and radius.

V7. Pind the locus of the foot of the perp. from the
origin on any tangent to the circle z* + y* + 29z + 2fy + ¢ =0.

‘~ 8. TFind the locus of the foot of the perp. from the
origin upon any chord of the circle x? + Y 24+2z+2%y+e=0
which subtends a right angle at the origin.

9. Show that when m varies, the locus of the pole of the
line y=mz+ :;w.r.t. the circle (z —a)? +y2 =53, is another

circle.
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10. (i) Pind the mlddle point of the chord intercepted by
the circle 2 + y% =a? on the line lz + my +n=0.

(ii) Find the equation to that chord of the circle
which is bisected at the point (-2, 3).

11, Find the locus of the middle points of the chords of
the circle which pass through the point (k, k).

12. Find the locus of the middle ppints of the chords of
the circle 22 + y% =a? which subtend a right angle at the
origin., .

- 18. Show that the locus of the middle points of the
parallel chords of a circle is a line passing through the
centre of the circle.

14. Show that the locus of the point, the tangents from
which to a given circle are at right angles is a.nother
concentric cirele.

. 15. Find the pair of tangents from (1, 5) to the circle
z?+y?=13.
. 16. Fmd the equation of the tangents from the origin to
the cirele 22+ y% + 10z + 10y + 40=0.

17. Show that the area, of the trla.ngle formed by the
tangents to the circle z*+y*=a*® from (z,, »,) and
their chord of contact is

(.':: + 712 -a® )3-
) 4+ 1/1
18. The parametric co-ordmates of a point P are
1-1¢2 2t

B=e i YT

Show that the locus of P is a circle of radius a.

- 19, Find the centre and radius of the following circles
(i) r=2a cos 0 +2b sin 6 ;
(ii) 7="5( /3 cos 6 +sin 6).



CIRCLE 113

20. Find the polar co-ordinates of the points of inter-
section of the line 7 cos 0 =a and the circle 7 =2a cos 0.

21. Show that if b2¢? + 2ac =1, the line :
;1; =gq cos 0 +bsin 0
touches the circle » =2¢ cos 6.

22. Show that the circles r=a cos (6 —a) and
r=b cos (8 — ) intersect at an angle of a — f.

23. Show that the circles r=a cos (§ —a) and
r=1> sin (6 - a) cut orthogonally.

24. Find the polar equation of the circle described upon
the join of the points (r1, 81), (r2, 02) as dianeter.

25. Show that the diameter of the circle passing through
the pole and the points (a, a), (b, B) is of length

ia? +b® - 2ab cos (a - B)},
sin (a = B)



CHAPTER VII
SYSTEM OF CIRCLES

7'2. Condition for orthogonal intersection.

Def. Tuwo circles are said to interszct orthogonally when
the tangents at either of the two points of tntersection are at
right angles.

Suppose the two circles

whose centres are A4, B inter- P
sect orthogonally at . Since

the tangents to the two circles l‘\
at P are at right angles, the

radii AP, BP, being perp. to '

the respective tangents are also
at right angles.

Hence AP?+ BP?=AB%

Thus, for two orthogonal circles the square of the distance
between their centres is equal to the sum of the squares of
their radis.

Again, since PB is perp. to PA, PB is a tangent to the
first circle. Thus, for two orthogonal circles, the length of the
tangent to the first circle from the centre of the second is
equal to the radius of the second and vice versa.

To find the condition that the two circles whose equations
are
z® +y° +29:2+9f1y +¢, =0,
22 +y2 +2gg$+2fyy+63 =0
shall cut orthogonally.

»
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First Method, (basod on the first property)

‘When two circles cut orthogonally, the square of the
Jistance between their centres is equal to the sum of the
squares of their radii,

o (=gt gt (= fi+fa)?
=912 +f P —e1+g,? +f2% ~ca,
i.e. 2g.g2+21,f,=¢c +c,y
as the condition for orthogonality of two circles.
The above condition is hoth necessary and sufiicient.

Second Method.

From the second property, it follows that thc two circles cut
«orthogonally if
9. +12*—29,9, = 2f fa+ei=g." +f," —e¢,,
i.e. if 2¢.9,+2f fa=¢c,+c,.

Third Method, (based on definition)

Teet (z', ') be the co-ordinates of a point of intersection of two
wircles. The oquations of the tangents at this point are
zz' - yy' +9,(z+2')+f(y+y')+e, =0,
i.e. (a:’+g,)z+(y'+f,)y+g.:n;’+j.y’+c.=-0. b (1)

and (z'+g,)z+ Y +1.)y+gaz’ +foy' +c,=0. . @
Since (1) and (2) are at right angles, we have
@+, )& g+ +F)Y+f,)=0. - (3)
‘Since (z', 4') is on both the circles,
2y 9,2 +2f,y +c, =0, .. (4)
' +y'* + 2,7 + 9,y +¢,=0. e (8)

Adding (4) and (5) and subtracting the result from (3) multiplied
By 2 4.e., thus eliminating z',%', we get the required condition of
-orthogonality.

7'2. Radical Axis.

Def. The radical axis of two circles is the locus of the
pm"nt which moves such that the lemgths of the tangcnts
drawn from it o the two circles are equal.
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To find the equation of the radical axis of the circles.
Sy=z+y® +2:2+9f1y+e1=0, - (1)
Sa=22+y%+ 9,2+ 9fy+cs=0. ... (2

Let (z1, ¥1) be the co-ordinates of any point such: that

the tangents from it to the two circles (1) and (2) are equal.
2124 y1® +2012, +3f1y1 +e1
=2,% 4+ 912+ 29,21 +9f2y1 + o
2gs —gales +3(f1 = falys +¢1 — €3 =0.

This shows that the locus of (z,, y,) is the line

2gs - go)z+2(fi-fa)y+er—ca =0 -+ (3)
which is therefore the equation of the radical axis. Thus,.

the equation of the radical axis is Sy — Sz =0 (provided the
coefficients of z* and y? are unity in both the eguations).

Cor.1. From the form of the equation of the radical
axis viz. S1 — Sz =0, it appears that the radical awis passes
through the common points, (real or imaginary), of Sy =0,
Sz =0. Thus, the radical azis is the common chord of the
two circles.

K K

O, Os

L e

It should be carefully noted as shown in the above figures:
that the points of interseetion may be real (as im Fig. 1) or
imaigligzary (as in Fig. 2) but in both cases the radieal axis a
real line. :



SYSTEM OF CIRCLES 117

Cor. 2. It is also evident from above that if two circles
touch each other internally or externally the tangent at their
point of contact is mo other than their radical azis, and
.conversely whenever the radical axis of two circles touches
.one of them, it must also touch the other and the circles
themselves must touch each other.

7'3. Properties of Radical Axis,
(i) The radical aZxis of two circles is perpendicular to
ithe line of centres of the circles.

Since the centres of the two circles are (—g,, —f1) and
(=g2, —fa), the equa.tion of the line joining them

is y+f1 =f—l 2(f1;+g,) (4)

The ‘m’ of the lme (3) is - f ’:(}2'
1 2

the product of the m’s of the lines (3) and (4)= —1.
Hence the result.

(ii) The radical azxes of three circles taken in pairs are
concurrent,

Let the equations of the three circles be
S =z +y%+ 25,2+ 2f 1 y+e, =0, ... (1)
So=z2 +y2 + %, + U uy+ca =0, ... (2)
Ss=ax®+ 92+ 2,2 +2fsy+es=0. ... (3

The radical axes of the circles taken in pairs are given by
S1=82=2(g, ~g)z+2(f1 —fa)y+ecy —ce=0,
Sa =83 =2ys —gs)z+3(fs = fa)y+ca -cs =0,
Ss =8, 52(03 —g0)z+2fs~f1)y+es —e1=0.

Since on adding the above three equations, their sum

-vanishes identically, the three radical axes meet in a point.
[ See Art. 3'10. |

The pomt of concurrence of the radical axes of three
circles taken in pairs is called the radical centre of the



118 CO-ORDINATE GEOMETRY

three circles. Since the radical centre is given by Si= Sy’
= S3, this shows that the lengths of the tamgents from the
radical centre to the three circles are equal.

7'4. Centre-locus of a circle cutting two circles
orthogonally.
Let the equations of two given circles be
S =z +¢y* + 29,2+ 2f,y+c, =0, - (1)
Se=a®+9y?+202+2f sy +c=0. - (2
Let the equation of the circle which cuts both of them:

orthogonally be
S=z%+y%+2z+%fy+c=0. (3)

Since (3) cuts (1) and (2) orthogonally,
2991 +2ff1—¢c—c1=0, - (4)
299z +2ffa ~c—c3=0. ** (5)

Subtracting (5) from (4), we get
29(g1 = g2) + 2f(f1 = fa3) = (e1=c2) =0,
or (=g)2g1—ga2)+(-1)2(fi=f2)Fe1—ca=0.

This shows that (—g, —f), the centre of the circle (3
lies on the line

gy =ga)r+2(fi-foly+cL—ca=0,
i.e. on the line S;=8:=0,
which is the radical axis of (1) and (2).
Thus, the locus of the cenire of the circle which cuts two
given circles orthogonally is the radical axis of the two circles.
Hence it follows automatically that the radical centre of
three given circles is designable as the cenire of the uniquely
determinate circle which cuts all of them orthogonally.
Also it should be noted that if a circle cuts three given
ctrcles orthogonally, its cenire is the radical cenire of the
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three given cireles and its radius is equal to the length of the
tangent drawn from the radical centre to any of the circles.
[ See Art. 71 ]
Hence the equation of the radical circle of three given
circles S =0, Sz =0, S3 =0 may be written as
(z—a)® +(y-p*=r*
where (a, B) is the radical cenire of the given circles and

is the len,g,th of the tangent from (g, B) to any one of these
circles.

This form of the equation is commonly used is solving
numerical examples. For another method see Ex. 2,
Illustrative Iixamples, Art. 7 8.

7'5. Circle through the intersection of two circles.

Let the equations of the given circles be

Si=x2+ 9%+ 20,2+ 2f,y+c, =0, ... (1)
Sez=x2+ 942+ 20,2+ 2fey+c.=0, ... (2)
then S]_ - lSz =0, coe P (3)

(where A is a variable parameter) represents any circle
through the intersections of (1) and (2).

Co-ordinates of those points which satisfy simultaneously
(1) and (2) 4.e., the co-ordinates of their points of inter-
section also satisfy (8). Hence (3) passes through the
intersection of (1) and (2). Moreover (3) obviously is the
equation of a circle, as will be seen from the expanded form
of the cquation wviz.

4y’ + 20,2+ = Az + 9% + 2.2+ ) =0,

ie. (1=2)z?+9y?)+2g, —Age)z+2(fy = Afa)y + ¢4~ Aca =0,

By varying i, we shall obtain the equations of the
different circles, all passing through the two points of inter-
section of (1) and (2) and hence having a common radical axis.

Note. It should be noted that when A=1, the circle viz, §,—
degenerates into a line viz., the common chord (or radical axis) of the
circles.
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IS :-Q, and L =0 represent a circle and a line, it can be
shown similarly that S—AL=0 is the general equation. of a
clrc'le passing through the common points of S=0, L =0.

7°'6. Co-axial Circles.

Def. A system of circles every pair of which has the same
radical axis are called Co-axial circles.

-Thus a system of co-axial circles has a common radical
axis and passes through two fixed points, real or imaginary.

The general equation of a system of co-axial circles can
be written in either of the forms

(i) Sy —ASy; =0, where S,=0, S;=0 are any two
cirples of the system, having S, ~Sz2=0 as the radical
axis.

(ii) S=AL =0, where S=0 is any circle of the system
and L =0 is the equation of the radical axis.

Since the radical axis of any pair of circles is perpendi-
cular to their line of centres, it follows that the cemtres of
circles of a co-axial system all lie on a line perp. -to the
radical axis.

Equation of a system of co-axial circles, (special choice
of axes).

Let us take the line of centres as the z-axis and the
radical axis as the y-axis. '

‘The equation to any circle with its centre on the z-axis
is of the form -

(@ - g)’ +y3 -1", N
i.g., of the form z?+y?—-2gx+c=0. ... (1)

. Any point on the radical axes is (0, y;). The square of

.- the tangent from it to the circle (1)is y,®+c. Since this

i8 to be the same for all circles of the system, ¢ must be
v¥he same for gll circles and ¢ different. :
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Hence the equation of a system of co-axial circles with
t.he above choice of axes is of the form

2 +y*+2z+c=0,
where A is variable but ¢ is a fixed constant.

7'7. Limiting points.
It follows from Art. 7°5 that if C be the centre a.nd( I)i be

the radius of the cirecle S; = AS; =0,
then C is (-— q‘:;%?—”-. - 11—_-11{’_’) [0))
- 2 _
and R2 (ql AQ 2) + (fl tllfzz)')‘ (1 l)(01 ;-Gg) (3)

‘When B =0, the numerator of the right side of (2) is zero
which when simplified gives a quadratic in A. Thus there
are two values of 4 for which the circle Sy ~1S; =0 reduces
to a circle of zcro radius i.e. a point. In other words, there
are two circles of zero radius belonging to the co-axial
system. These are called limiting points of the system.

If A,, A, are the two roots of the quadratic in 4, the two
lumtmg points would be obtained either by substituting their
values in (2) or in (1) which would ultlmately reduce (in
either case) to the form (z — k)% +(y — k)* =0, giving (k, k) as
the limiting point.

Limiting points of x%?+y®+2ix+c=0.
The equation may be written as
(@+2)2+y2=22-¢,
when 42 —¢=0 or A= £ \/c, the circle reduces to a point.
Hence the point circles of the system are given by
(= Je)+y*=0 and (z+ Je)2+y2=0,
.. the limiting points are ( /¢, 0), (= V¢, 0).

7'8. Properties of Limiting points.

(1) The polar of either limiting point w.r. t. any
circle of the system passes through the other. : .



122 CO-ORDINATE GEOMETRY

The polar of (/c, 0) w. 7. t. 22+ y2 + 2Ax +¢=0 is
z e+ AMr+ Je)+e=0, or z+ =0,
which obviously passes through (— /¢, 0).

Cor. The polar of a limiting point w. r. ¢. any circle of
the co-axial system is the same for all circles of the
system.

(2) Every circle through the limiting points of a co-
axial system is orthogonal to all circles of the system.

The general equation of a eircle, pa,ssing through the
limiting points (a/c, 0), (= M¢, 0), is x* +¢y*+2fy—c=0,
when f is a variable parameter. Now the circles

2+ y%+9fy—c=0,
2?2 +y P+ 2 +c=0,
can easily be shown to be orthogonal.

7'9. Common tangents.

We shall briefly indicate here the method of drawing
common tangents to two circles

(z-a)2+(y—p)%=r%, (x—d)+(y-p)2=r"2
Let le+my+n=0 ... (1)
be the equation of the required common tangent. Since it
touches the first circle,
la+mp+mn ,
. Ji2EmE T ED
i.e. (la+mB+n)2=r2(12 +m?). ... (2)

Similarly, since it touches the 2nd circle .
(' +mf +n) =222 +m?)., - (3)

(2) and (3) being homogeneous quadratics in I, m, n, by
solving:them we shall "get 4 sets of proportional values of
i, m, n (real or imaginary) and substituting them in (1), we
would get 4 common tangents, (real or imaginary) to the
Zbove two circles. The method :is fillustrated in Ex. 3,
_Art. 7°10,
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It is geometrically obvious that a common tangent to
two circles cuts the join of centres internally or externally
in the ratio of the radii.

Otherwise :

The equation of any tangent to tho first circle is
(x—a) cos 6+ (y—p) sin 6=r. ..
* [Art. 6°20, Cor. 2)
If it touches the second, then
(' —a)cos 0+ (=B sinb=r+s. ... (2)
Eliminate 6 between (1) and (2), and we shall get the

joint equation of two pairs of common tangents. This
method is illustrated in Fx. 3, Avt. 7°10.

7'10. Ilustrative Examples.
Ex. 1. Show that the circles x*+y®—4z+6y+8=0 and z*+y*
—10z — 6y +14 =0 louch at the point (3, —1). [C. U. 1932)
The common chord of the circles is (x®+y*—4z+6y+8)
—(z*+9*~102—6y+14) =0 i.c., z+2y—1=0.
The ordinates of the points of intersection of this line and the first
circle are given by
(1-2y)? +y* - 4(1-2y)+6y+8=0,
i.e., ¥ +2+1=0, i.e., (y+1)*=0,
i.e. y=-1, -1,
S r=1-2y=3, 3.
Thus the common chord touches the circle (1) at (3, —1); hence
it also touches (2) at the same point.

.*. the two circles touch at (3, —1).

Alternative Method.

That the two circles touch can be shown from the fact that distance
between their centros is equal to the sum or difference of their radit
and the point of contact can be obtained from the fact that it divides
the line joining the centres in the ratio of their radii.
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Ex. 2. Find the equation of the circle which cuts orthogonally the
three circles .

% +y'+42+7=0, (1)
2z +2y* +8z+5y+9=0, (2)
, z’+y"+y=0. .es aes (3)

The radical axis of (1) and (2) is
(z®+9y* +4c+T7) — (@ + 9y + iz +3y+4) =0,

i.e. z—y+1=0, .es .es (4)
The radical axis of (1) and (3) is.
dz—y+7=0. - - (5)

.*. The radical centre i.c. the point of intersection of (4) and (5) is
{—2, —1). The length of the tangent from (—2, —1) to the circle
(3) is 2. .

.*. by Art. 7°4, the equation of the required circle is
(x+2)2+(y+1)* =27,
i.e. z?+y*+4x+2y+1=0.

Otherwise :

Let the equation of the circle which cuts the 3 circles orthogonally,
be x?+y* +2x+2fy+c=0.

Since it cuts orthogonally the circles (1), (2), (3).

s by Art. 71, 4g=c+17,

Yg+if=c+i,
f=c.

From which we easily get g=2, f=1, ¢=1. Hence follows the

equatién of the required circle.

Ex. 3. Find the common tangents to the circles
z'+y?=9, and z*+y" -16z+2y+49=0,
The 2nd circle can be written as (z—8)*+(y+1)* =4%.
Let lz+my+n=0, ... (1) be the tangent to both the circies.
Then, n2=9(1* +m?), @)
" and (81=m+n)* =16(1* +m?). e (9)
From (2) and (3), (8l-m+n)?=31nt.
o e 8l—-m+n=tin,
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Taking +sign, 8l—-m=3n. .- e (5)
Taking —sign, 8l—m= —jn. (6)
Eliminating 7 betwcen (5) and (2), we get 1=0 or l=}{m.
When 1=0, from (5), we get m= — 3n.

Again, when I=}4m, i.e. m=4%3l, from (5), n=1751

.". the equations of 2 common tangents are:

—iny+12=0 or y=3, o aee (1)
and lz+{2ly+'il=0, or 162+63y+195=0, .. (2)
Similarly combining (6) and (2) we shall get
m=ysl,n=—tland m=—3l, n=—2,

.*. the equations of the other two common tangents are

122 +5y—39=0, o (8):
and 4z—-3y—15=0, (4)
Otherwise :
Any tangent of the first circle is

x cos 0+y sin —8=0. e e (1)

If it touches the 2nd circle
8 cos 6 —sin §-8=0+4. e (2)
Taking —sign, 8 cos  —sin 6 +1=0. o (8)

Solving (1) and (8), for cos 6, sin 8 by the rule of cross-multiplica~
tion and squaring and adding we get
(y—38)*+(x+24)* =(z+8y)?,
or 63y*+16xy — 48z +6y—585=0,
or (y—3)(63y+16z+195) =0.
Similarly, taking+sign, we get the other pair of tangents.

Examples VII

v 1, If the circles z*+y®+kr+3y—5=0 and 22 +y¥
+ Bz + ky + 7=0 cut orthogonally, find k.

2. Prove that the circles z*+y* — 2pa ~ gqyagm andt
x3 +y* + 2gz + 2py = 2pq are orthogonal.
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8. Find the equation of a circle which passes through
the origin and cuts orthogonally the circles z% +y2%—8y
+12=0and 2?2+ y% -4z - 6y—3=0. (MU}

4. Verify that the radical axis of the pair of circles
22 +y2+9r -2 -5=0 and a +y?+Tz—2—13=0 is
perpendicular to that of the circles

4(x%+y2) -6z~ y+5=0and 8(z%+y2)—- 122+ 3y+7=0.

v 5. Find the radical axis of the circles z%+ y2+ 2az
+¢?=0 and 2%+ y% + 2by + ¢ =0 and hence deduce that the
condition that they touch other, is a—'lz + 1;1” = c]"

[ Obtain the condition that their radical axis touches one of them. ]

6. (i) Find the radical centre of the three circles
a2l y?+r+2+3=0, xi+y +2%+4y+5=0, z®+y?
-T7x-8y—9=0. [c.Uu))
(ii) Find the radical centre of the three circles z?2+ g?
+4z+7=0, 2®+ y?)+ 3z +5y+9=0 and z®+y2+y=0.
Find the length of the tangent from the radical centre to
.each circle. (M.U]

7. Show that the circles z2+y®-4x+6y+8=0and
z24+9y%*-10z—6y+14=0 touch each other and find the
point of contact. (M.U)])

*8. Fidd the equation of the circle which passes through
(1, 2) and through the points of intersection of the circles
2+ y2-5z-2y+8=0,x2+¢y*-3z—y+6=0.

9. Show that the circles z®+y®-42-Ty+6=0,
a?+yt+3c-14y—1=0 and 3(x%+y?)+2z—35y+4=0,
have a common radical axis.

10. Find the equation of the circle whose diameter is
-the commcn chord of the circles z®+y?+2z+3y+1=0
and 22+ ¢ +4z+ 3y +2=0. [N.U]

~11. Find the length of the common chord of the circles
(i) ®+9y%-12z+16y-69=0,
z?2+y? -9z +12y-59=0,
i) @2 +(y=a) =1, @- ) +(y=p)* =1
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12, Find the points of intersection of the two circles
2 +y? -2 +4y—4=0,22+y® +42- Y- 4=0.
13. Show that the llnes Joining the points of mtersec-

tion of the circles z2+ 4% — 14z + 2y +25=0, z? +y?- 1z
+ =0 to the origin are at right angles.

14. Ific+my+n=0isa tangent to the circle z% +¢2
+ 2gw+2fy +¢=0, then it is also a tangent to the circle
22 +y% + 99z + Uy Pe+ k(lz +my+n)=0 for all values of k.

15 Show that the two circles £%+ 3%+ 42— 6y—12=0,
z® +y% =2z + 2y —23=0 cut at an angle of 60°.!

[ If ¢ be the anyle between the tangents at the cc point, r,, 74
the \radii, d, the distance lelween the centres, then 2r,r, cos ¢
=7, +r,*=d%]

16. Find the equation of the cirele which cuts ortho-
gonally the three circles :
(i) 22 +y%2=16, 2%+ y®-142+40=0,
z2+y%-12y+32=0.
(i) 2z +y?-22+3y—-7=0, 2>+ y% +5z-5y+9=0,
z® +y*+Tx—9y+29=0.
(i) 22+ y%=a?, (z-c)?+y®>=a?, 2®+(y-b)?=al.
[C. U. 1939]

17. Find the condition that the circle z®+y%+2¢.2
+2f1y + ¢, =0 shall bisect the circumference of the circle
x2 +y? + 29,7 + 2f 2y +c2=0.

[ The radical axis passes through the centre of the 2nd circle. ]

18. Find the common tangents of the circles
(i) z2+y%—~222+4y+100=0;
2% +y? +922z - 4y - 100=0. [C. U- 1940]
(i) 22 +y® +4z+2y—4=0, 2 +y*—4z-2 +4=0,
[c. Ul
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~¥19. If the four pomts in whlch the two circles z2+y?
+ax+by+c=0, z*+y? +am+by+c =0 are intersected
by the lines .4w+B_/+C =0, Az+By+C' =0, lie on
another circle, then
a—a b-b c¢c-c |=0.
A B C
A’ B’ c [c. U]
[ Express the condition that the circles S+AL=0, S8'+NL'=0 are

identical. ]

20. Show that the locus of a point which moves so that
the tangents from it to two given circles are in a constant.
ratio is a co-axial circle.

21. Find the radical axis of the co-axial system of
circles whose limiting points are (-1, 2) and (2, 8).
[ The point circles at the limiting points are S, =0, S,=0, where
1=z +1)?+(y—2)® and S,=(x—2)*+(y—38)* ; so the radical axis is
8,-8,=0]
22. Ascertain the limiting points of the co-axial set
defined by the pair of circles :
(i) «®+y® - 20z — 16y +41=0,
2% +y%-30z— 24y +41=0,
(i) z* +y* =6z -2y +4=0,
3(z*+y®)— 16z — 4y +12=0.



CHAPTER VIII

PARABOLA

8'1. Def. A parabola is defined as the locus of a point
which moves so that its distance from a fixed point called
the Focus is equal to its perpendicular distance from a fixed
line called the Directriz. The line passing through the
focus and perpendicular to the directrix is called the Axis.

The point midway between focus and directrix is called the
Vertex.

8'2. Standard Equation,

To find the equation of a parabola, given its focus and
directriz.

Let S be the focus and MZ its directrix. From S draw
SZ perp. to MZ. Bisect
SZ at A. let SA=AZ Y
=q. Then 4 1is the
vertex and ASN, the
axis of the parabola. L g

Let us take 4 (the
vertex) as the origin, 2Z N <
ASX (the axes) as the
z-axis and a line AY
perp. to ASX as the L
y-axis,

Then the co-ordinates
of the focus S are (a,0) and the equabion of the directrix
MZ is
. z+a=0.

. Let (z, ¥) be the co-ordinates of any point P on the
parabola. Join SP and draw PM perp. to MZ.

9
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From the definition of the parabola, SP=PM.
SP®=PM*,
S (@-adf+y=(z+a),
ie. x®-2z+a’+y®=2%+2r+a’.
o y2=4ax.
This being the relation between the co-ordinates of any
point on the parabola is the equation of the parabola. This

is called Standard Eguation. Throughout this chapter,
this form of the equation will be used, unloss otherwiso

stated.
Cor.1. The double ordinate LSL' passing through the

focus and perp. to the axis is called Latus rectum. Obviously
we have SL = distance of L from MZ = SZ == 2a.

Hence Latus Rectum = 4a.
Cor. 2. Two parabolas are said to be equal when they
have the sumo latus rectum.
Note. The following results which are of frequent occurrence are
collected togother for ready rcference
(i) Co-ordinates of vertex (0, 0) ;
(ii) Co-ordinates of the focus (a, 0) ;
(iii) Equation of the directrix x+a=0;

(iv) Equation of the axis y=0 ;
(v) Length of the latus rectum =4a.

Peculiarities of the curve

The parabola is symmetrical with regard to the z-axis i.e. the
axis of the curve, since when —y is substituted for y, tho form of

the equation is unchanged.

Again if ¢ be not positive, there will be no real value of j» This
shows that no part of the curve lies to the teft of the y-axis.

Lastly « can have any positive value however great and hence also
¢. Thus the cycve consists of two branches, which are really continua-
tions of each other, both extending to infinity, one 1ying a.bsve aud the
other below-the axis.
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‘8'3. Different Forms.

(A) If the focus be situated on the left side of the
dlirectrix, the eguation of the Y
parabola  with the vortex as
corigin and the axis as z-axis,
is

y* = - daz, *(Fig. (i) X~ 8 A X
since in this casoe the focus S
is (—a, 0). The latus rectum

4
howevor is a positive quantity Y
Fig. (i)

.nd oqual to 4a.

(B) Again the vertex being the origin, if the axis of

Y
s .
x' A X
S
14
Y Y’
TFig. (i) Fig. (iii)

‘the parabola is taken as y-axis, the cquation of the parabola
is z? = day, (Fig. (ii))

z?= —4day, (Fig. (iii)
according as the focus is above or below the z-axis. The
latus rectuwn in each case is 4a.

8'4. Particular Cases.

If the focus S ig taken as the origin, the axis as x-axis,
and a line through S perp. to the axis as y-axis, then the
«co-ordinates of S are (0, 0) and equation of MZis z + 2a=0.



182 CO-ORDINATE GEOMETRY

Hence from the property SP=PM, i.e. SP?=PM® we
have
%+ % =(z + 2a)?, '
ie. 2+ y*=x%+4ax+4a?,

ie y® =4alz + a).
This is often spoken as the equation of the parabola with:
Socus as origin. .

Similarly, if Z be taken as origin, and ZX as z-axis and:
Z M as y-axis, the equation of the parabola is

(z~2a)® +y* =22,
or y® =4alx - a).

8'5. General Equation.

To find the equation of a parabola, given its focus and
directriz.
Let (a, B) be the focus S and lz+my+n=0 be the

directrix (See Fig. of Art. 8'2). Let (2, %) be any point P on.
the parabola. Join SP and draw PM perp. to the directrix.

Since SP=PM.
SP?=PM?2.
Iz +my +n)®
(z—a)"+(y—ﬂ)”={'%ﬁ"7—i%;§”}

This on simplification reduces to
mix? — Amay + 12y* - 2z{(1* +m®)a + In}
= 25{(1% + m®)B + mn} + (12 + m?%)a® + %) - n* =0.
From above, we see that the terms of the second degree
i.e. m*a® = 2mzy + 1*y® form a perfect square (mx—ly).
This is a characteristic property of the equation of a
parabola. . :

86. Locusof (i) y=ax?+bx+ec,
(ii) x=ay2+by+e.
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"The first equation can be written as

a:+b:z;+ =Y,
a a
or ( 4 b\* b‘ c 1( )® - —4ac)
% 9q T a

4ar-

Transferring the origin to (— 2’:—; ) the above

«equation transforms into

1

2
w = -1 -

a Y
which obviously represents a pa.mbola. of which vertex is the
new ougm and axis is the new y-axis. Hence the equatzon
w=az*+ bz +c always 'represents a parabola, having its axis

parallel to y-axis, vertex ( ~ 9%’ b ;:ac) and latus rectum
=L
a

Similarly, the second equation can be written as

L

; i - 9_14_“_0)
thence transferring the origin to ( %’ 4a the
oquation transforms into

2_ 1
) a T

‘which obviously represents a para.bola. whose vertex is the
new origin and axis is the new z-axis. Hence the equation
a=ay+ by +c represents a parabola having its aris parallel

_4@)

$0 the z-axis, vertex ( ~2s " ‘Jand latus rectum=1/a.

Cor. As a particular case, the equations y=az?®+ bz
and z=ay®+by represent pa.ra.bolu,s havmg their axis
wespectively parallel to the y-axis and z-axis.
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Note. 1t is clear from above that if any equation be linear in one
of the variables say o or y and quadratic in the other, then the equation:
always represents a parabola whose axis is parallel to z-axis or y-azis-
according as the equation is linear in = or in y.

8'7. Position of a point in relation to a parabola.
The point (x4, y1) lies outside, upon or inside the parabola:
y® = 4ax according as y,* - 4az, >=or < 0,

Lot @ be the point (x4, ;) ; draw
QN perp. to the axis cutting the
parabola in . Then the ahscissa ol
P is x4 and its ordniate is PN.

Hence PN?%=Adaqz,.

A N X Now, @ lies outside, upon or inside:
\\ the parabola
if QN? > = or < PN?,

de if .2 >= or < 4azx,,
te if 912 —4dax, >= or < 0.

Y

8'8. Focal Distance of a point.
Let (x4, ¥1) be the co-ordinates of a point P. [See fig..
of Art. 82] Then its focal distance
=8P=PM=ZN=ZA+AN=x,+a.
8'9.. Intersection of a line and a parabola.
To find the points of intersection of the line
| y=max+c, v (1)
with the parabola y® = 4ax. TR ()

Substituting the value of y from (1) in (2), we get the
equation for the abscisse of the common points of (1) and
(2), via. (mz + ¢)® = daz,

or m3z® + 2mec— )z +c®>=0, - (3)
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Similarly eliminating « between (1) and (2), we get the
quadratic for the ordinates of the common points viz.

my? —day + 4ac=0. (4)

From (8) or (4), it is clear that a line intersects the parabola
in two points, real, coincident or imaginary.. The points
will be real, coincident or imaginary according as the roots
of either quadratic say (8) are real, coincident or imaginary

i.e. according as 4(me - 2a)% — 4m%c? >= or < 0

i.e. " ala-me) >= or <0,
ie. " c<=or>"2.
m

It should be noted that the ordinates of the points of
intersection can also be obtained by substituting two roots
say Ty, T2 of (8) in (1), thus ¥y, =mz,+e¢, ys =mxqs +ec.

810. Tangent at a point.

To find the equation to the tangent at the point (x4, y1) of
the parabela y* = 4ax.

Let P be the given point (ry, 7,)and Q(zz, y2) bc a
point on the parakola very closo to P.

The equation to P is

=1 Y2,
Y= Y1 le_‘,L,z(-'lc z). (1)

Since P, @ lie on y* = 4ar.
s y12=4aw1, and 3/22"_-'4(11'2.
y1® —y2® = 4da(x, - z,).

Y1—yz . _4a__,
Ty=z2 Y1ty: @

by (2), the equation of the chord BQ becomes

4a
Y=—yr1=, -

lh"'ya(m-wl)' G
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When @ comes to coincide with P, the secant PQ
becomes the tangent at P; in this case yz=y;. Hence
putting y» = y1 in (3) the equation of the tangent at P is

y=yi=s(z—2,),

2y
ar yy1 - y1° =2ax — 2az,,
or ‘yy,-—4ar,=2ax - 2azx,.
o yy.=2a(x+x,).
Cor. Tangent at the vertex (0, 0) is x=0.

8'11. Condition of tangency of a line.
To find the condition that the line y=max +c¢ -+~ (1) shall
tauch the parabola y®=4dazx. - (2).

The absciss® of the points of intersection of (1) and (2)
are given by the roots of

(mz + ¢)* = 4azx,

i.e. of m2z® +2(me—2a)r+c%2=0. ; (3)

The line (1) will touch (2) if the two points of inter-
section are coincident 4.e. if the two roots of () 3) are equal,

i.e if 4(me = 2a)? = 4m3c®

t.e. if —4ame+4a® =0,

. a

a.e: if ¢ -

Hence the line y-mx+% ts always a tlangent to

the parabola y® = 4az, whatever be the value of m:* Hére m
is the tangent of the a.ngle which the tangent makes with
the z-axis. * |

Also any of the equal roots of (3), gives the abscissa of
the point of contact. Thus,
2a —me

Ty* —g——-%. since ¢ =2
m m m
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. 2a
Again =mz,+c=m % +2 .
8 ’ Y1 1 mz m“m

co-ordinates of the point of contact are (_a_ 2! 2a )
m? m

Alternative Method :

Let (x4, 1) be the point where the line (1) touches the
parabola (2). The .equation of the ta.ngent a.t; (24, ¥1) to
©) is yy1 =20z + 2ax, (3)

(1) and (3) must represent the same line.

Y1 _2a_2az,

1 m [4
2a ¢
Yy = po= "0 e
Y=g T 4
. . 4a® 4ac
2
nco =4az,. .. g ="
Bi U1 1 2=

¢=alm is the reqd. condition of tangency,

Substituting the value of ¢ in (4), we get the co-ordinates
of the point of contact viz. (a/m?*, 2a/m).

812. Normal at a point.

To find the equation of the normal at the point (x4, y,)
¢o the parabola y® = daz.
. 2 2
The tangent at (z,, 1) is ¥y =y‘:x "'1:151' 1)
Any line through (z4, ¥,) is ¥y -y, =mlz-z,) (2)

If (2) be noripal at (x4, 1), it must be perp. to (1).
2a . 71

mx - =-=1 16 mMmm=—_
Y1 2a

.". the reqd. equation of the normal is

y=¥i= -5 @-x) - (1)
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Alternative form (m-form).

Let us put - z;wm Sy = —2am,

2 4 2.2
a’m
Hence z,=2'- = 4a--=am2.

Substituting these values of z,, ¥, in (1), the equation
of the normal at (am?, —2am) is

y + 2am =mlz— am?),
i.c., y=mx - 2am - am3,
Note. Here o is the tangent of the angle which the normal at:
any point makes with the z-axis.

8'13. Number of tangents from a point.

To show that from any point there can be drawn two
tangents to a parabola.

Let (x4, y1) be the point .md the equa.txon of the
parabola be y®=dazx. - (1)

The equation of any tangent to the parabola (1) is

”-mz.'.nt:, ces s (2)

where m is a variable parameter.
Let us choose the parameter m so that (2) may pass
through (24, y.).

a
Y1 =mz, + m
or, m?ry—my,+a=0. < (3)

The equation being a quadratic in m gives two values of
m, each of which being substituted in (2) leads to a tangent
through (21, ¥1).

Evidently, the two tangents from (@4, y1) w:ll be real,
coincident, or imaginary according as the roots of (3) are
real, coincident or imaginary ; that is

aceording as - y,% —daw, > =or <0,
i.e. according as the point (x,, y.) is outside, upon or

inside the parabola. [4rt. 87)
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8'14." Pole and Polar.

The TPole and Polar with respect to a parabola are
defined exactly in the same way as in the case of the circle.

[4rt. 6'12]

(A) To find the polar of the point (x4, y1) w. 7. t. the
parabola y? =4azx.

If the points of contact be Alxs, y2), Blzs, ys) the
tangents at these points are

Yy = 2alz + z,).
yUs =2alz + x35).

both these tangents pass through P(zy, y.),
we have

V1y: =2a(z, + ).
Y1¥s =2a(z +15).
These relaltions show that the two points 4, B are
situated on the line
yy1 =2a(x+x,),
which is therefore the reqd. equation of the polar of the
point (x1, y1).

(B) To find the pole of the line lx+my+n=0 with
respect to the parabola  y?=4ax.

Lot (x4, 1) be the required pole.

The polar of (zy, y1) with respect to y? =4az is
yy1 = 2alz + z,1),
i.e. 2az-yy, +2ax; =0,

This must be identicul with
lz+my+n=0.
20 _ —y1 20z

tt l m n

n 2am
¢1='t’1/1"'7’
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8'15. Properties of Pole and Polar.
() If the polar of a point. P w. r.t. a parabola passes
through Q, the polar of Q passes through P.

Let the co-ordinates of P, Q be (z1, y1), (zz,%2) and let
the parabola be y? =4az.

The polar of Pis yy, =%2alz+z4). (1)

The polar of Q is yy, =2alz +z,). e (9)

If (1) passes through @, then

Y2y =2alzs +24)

which is exactly the condition that (2) passas through P.

(ii) The point of intersection of any two lines is the pole
of the line joining the poles of the lines.

The proof is the same as that given in Art. 6°13.

(ii) If the pole of the linelz+my +n=0w.r.t a para-
bola lies on the line Uz +m'y+n'=0, then the pole of the
line Uz +m'y+n' =0 lies on lz + mz +n=0.

Pole of Iz + my+n=0 is (’;-' ""-2-7'?1')' - (1)

’ ’

Pole of Uz +m’y+n'=0 is ’;— —2";’," ) e ()

Since the pole (1) lies on Uz +m'y +n’ =0.
g - pmo_ 0 20m

Jool T i
i.e. n' = 2amn’ + U'n=0, ‘
which is exactly the condition that the pole (2) lies on
lz +my+n=0. '

+n'=0, : .

. 8'16. Chord of contact.

From the definition of the polar of a poidt, it is clear
that the polar of a point is nothing but the chord of contact
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produced infinitely both ways. Henee the equation of the
chord of contact of the tangents drawn from a point (x1, y1)
is to be obtained exactly in the same way as in the case of
the polar of the point (Art. 8'14) and its equation is

¥y =2a(x+x,).

Note. It should be noted that the equation of the tangent at (z,,v,),
equation of the polar of the point (z,, ¥,) and the equalion of the chord
of contact of tangents drawn from (z,, ¥,) are identical in form,

817. Illustrative Examples.
Ex. 1. Find the equation of the parabola whose focusis (—8, —2)
and directriz is y=2z—9.

Let I(z, y) be any point on the parabola. Since the distance off
any point on a parabola from the focus is equal to its distanee from
the directrix,

(T ) +g) =22 TY=9,
N8+ +2) ="
Squaring, 5{(x+8)*+(y+2)*}=(2x—y-9)?,

or x? + 4y + 49* + 116z + 2y + 259=0.

Ex. 2. I'ind the directriz of the parabola whose focus is (8, 4) and
vertex (0, 0).

Since vertex is midway between the focus S and Z (the point of
intersection of the axis and directrix).

e Zis (-3, —4).

Now the axis of the parabola being the join of (0, 0) and (3, 4),
tts ‘m’ is 4.,

The directrix being the line through Z, perp. to the axes, its.
equation is

' y+d=—3(z+3),
or 3z +4y+25=0,

Ex.8. Find the lenglh of the chord intercepted by y*=4as om
y=mz+c. )
Let (z, 9,), (24, ya) be the common points of intersection,
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The abscissee of the common Points of the parabola and the line are
roots of

(mz+c)? =4az,
or m?z?® + 22(me—2a) +¢*=0. (1)
Now, from (1), . Az, ) =(x, +,)? —dx, T,
4(mec—2a)? ¢*  16a(—mc)
=" =
m m m
And y,=mx,+e, y,=mx, +c.’
Y, —Ya=m(z, —2.).

.*» If D be the reqd. length
D?=(z, —2s)* + (Y, —9:)* = (&, —,)* +m? (e, —x,)?
= 16a(1+m?),
m*
avhence D can be obtained,
Ex. 4. Show that the locus of the foot of the perpendicular from the
focus upon any tangent of y* =4ax is the tangent al the vertex.

(a—mec).

Lot y=mz+ ;:; «e (1) be any taugens.
The line through focus (a, 0), perp. to (1) is

1
y=-—, (z—a),
1 a
or Y= - -;nm+ m ..o (g)

Subtracting (2) from (1), (m+ 1% )m=0.

Hence the reqd. locus is z=0, the tangent at the vertex. This
.called the positive pedal of the parabola w. r. {. the focus.

Ex. 5. Two equal parabolas have the same vertex and thsir axes are

.at right angles. Prove that the common tangent touches each at the end
of its latus rectum.

[C. U. 1935, '39, '44]

Let the equations of the parabolas be
y* =4az. .- (1)
a® =4ay. (2)
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Now, y=mz+ ::L is a tangente to (1). If it also be a tangent to
(2), the the quadratic giving the abscisse of the points of intersection
V12,

m’=4a(mm+ @-)t
m

or mx? —4am’z—4a® =0
must have equal roots, the condition for which is 16a’m*= —16a*m
gc. m*=-1 d.e m=-1.

Hence the cquation of the common tangent is

z+y+a=0. (3)

Suppose this tangent touches (1) at (z,, %,). The langent at

(ml ’ 1/.) is

2 —yy, +2ax, =0, (1)

Comparing (3) and (4), 2a=~y, -Z“:l

z,=u, ¥, =—2a, which point is obviously one
end of the ln.tus rectum of (1). Similarly it can be shown that the
common tangent tonchs (2) at one end (— 2a, @) of its latus rectum.

Examples VIII(A)

1. Find the equation of the parabola
(i) whose focus is (1, — 1) and directix is
r+y+7=0;
(ii) whoso focus is (5, 3) and directrix is
3r—4y+1=0;

(iii) whose focus is (0, 0) and tangent at the vertex is

z—y+1=0;
(iv) whose vertex is (— 2, 2) and directrix is
xty-4=0;

(v) whose focus is (=6, — 6) and vertex is (-2, 2) ;

(vi) whose vertex and focus are on the z-axis at
distances a and b (b > a) from the origin respectively.
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2. Fine the vertex and axis of the parabola whose focus
is (8, 4) and directrix is 3z + 4y +25=0.

8. Find the vertex, focus, axes, directrix and latus

rectum of each of the parabolas
(i) 4y*-20x—8y+389=0,
(ii) 5z%+ 15210y —4=0,

4. TFind the equation to the parabola whose axis is
parallel to y-axis and which passes. through the points
(0, ), (1, - 3), (4, 6).

B6. Show that the equation of the parabola, which
passes through the points (zy, yq), (X2, ¥2), (€3, ys) and
whose axis is parallel to y-axis, is

)

v x
y1 2, =z, 1
Y2 xg® w2 1

2
Ys s Ts 1

8. Find the positions of the following points w. 7. {. the
parabola y*=daz :—
(2, -1),(1, 4), (-3, 4).
7. Find the vertex and latus rectum of the parabola
"o =% cos a. i,
y=u sin a. ¢ — §gl°,
where ¢ is a variable parameter.
[ Eliminate ¢ between the cquations ; then it will reduce to the form
y=ax’+bz ].
8. Show that the equation of the ehord of tha. parabola
y*®=daz through the points (1, y1), (xs, y2) is
(y -y )y — ya)=9y* — dax,
and hence deduce the equation of the tangent at (x4, y4).

9. The co-ordinates of the ends of a focal chord of the
parabola y* =4ax are (3, 1), (xa, ¥2). Prove that

v1y2 +4x,29=0,
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%10. (i) Show that the line lz+my+n=0 touches the
parabola y? = 4az if am® —nl=0.

(ii) Show that the line z cos a+y sin a —p =0 touches
the parabola ¥ =4az if p cos a+asin®a=0 and the point
of contact is (a tan®*a, — 2a tan a).

11. Show that the line y=m(z+a)+ fn touches the
parabola y* = 4alz + a) for all values of m.

12. Find the eq{la.tions of the tangents and normals at
the ends of the latus rectum of y* = 4azx.
18. Find the equation of the tangent to y® =8z which is
(i) parallel to 2z~ 3y +1=0,
(ii) perpendicular to z+2y+7=0.

14. TFind the point of the parabola y* =4ax at which the
normal is inclined at 30° to axis. [c. U]

15. Prove that the tangent and the normal at any point

of a parabola meet the axis at points which are equidistant
from the focus.

16. Fiud the angle at which the two parabolas %%=4az,
2 = 4by cut one another. [c. U]

17. Prove that two parabolas which have the same

focus and whose axes are in opposite direetions cut
orthogonally.

[ Take the common focus as origin and the common axis as z-axis. ]

18, Establish analytically the {following results

(i) The subtangent at any point of a parabola is
bisected at the vertex.

(ii) The subnormal at any point of a parabola is
constant and equal to semi-latus rectum.

(iii) If SY be perpendicular from the focus upon the
tangent at any point P of a parabola, then
SY?=AS8.SP. Hence deduce p*=ar.

(iv) If the normal drawn at P intersects the axes at @,

. show that PG*=44S.SP.

10
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19, The normal to the parabola y?=4az at (am.?,
- 2am1) meets the curve again at (amy®, —%ams). Show
that m1 +mumg +2=0. [c.U]

20. " Find the loous of the foot of the perpendicular from
the vertex on the tangent at any point of y* = 4ax.

21. Prove that the locus of the poles of a series of
parallel lines w. 7. ¢. a parabola is a line parallel to the axis.

22.. Show that the locus of poles of ‘chords of y*=4az
which subtend a right angle at the vertex is a line perpendi-
cular to the axis. :

23. Show that the locus of poles of tangents to y* =4ax
w. 7. t. y* =4bz is y* = 4cx whero ¢=b?/a. [C. U. 1942]

24. Two equal parabolas A and B, have the same vertex
and axis, but have their concavities turned in opposite
directions. Prove that the locus of poles w.r.t. B of
tangents to 4 is the parabola 4. [c. U. 1939]

25 Prove that the locus of the polcs of ta.ng,cnts to
y:+dax=0w. 7 t. 22 +y®+2ax—-3a2=0 is z%>+y®-2azx
-38a*=0.

26. Find the locus of the poles of the normal chord of
2
y° =4az.

27. If a circle be drawn so as always to touch a given

line and also a given circle, prove that the locus of its centre
is a parabola. [C. U. 1940)

[ Take the centre of the given circle as origin and the line through it
parallel to the given lins as z-axis. ]
-28. Prove that the normal chord of a parabola at the

point whose ordinate is equal to its abscissa subtends a
right angle at the focus. [C. U. 1940]

*.29. - Show that the tangents at the extremities of a
:focal chord of a pa.ra.bpla. meet on the directrix. [C.U. 1943)

80. Show that the locus of the point of intersection of
tangents at the extramities of any chord of y®=4ax which
subtends a right angle at the vertex is z + 4a=Q.
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81. Show that the line z-9%+5=0 is a tangent
to the parabola y® = 4z~ 4y +16=0. :

82. Prove that the line lz+my+n=0, touches the
parabola y* = 4a(z ~ b) if am® = bl* + nl,
33. Find the common tangents of
¢ (i) y* =4az and 2° = 4by ;
(ii) y*=8axr and x*+ y® = 2a’.
84. Show that the point of intersection of two perpendi-
«cular lines one of which touches y* =4a(x + a) and the other

y*=4b(z+b), is on the line x+a+b=0 which is the
common chord of the two parabolas.

85. A point moves in such a way that its distance from
a given line is equal to the length of a tangent drawn from
the point to a given eircle. Show that the locus of the
point is a parabola.

[ Take the centre of the given circle as origin and o line parallel to
the given line as z-axis. ]

8'18. Diameter.

To find the locus of the middle points of a system of
parallel chords of the parabola y* = 4az.

Let us represent any Y|
chord PQ of the parallel
system in the form

y=mz+c, - (1)

where m has a fixed value
and ¢ is different for
different chords.

. Now PQ meets the
parabola in points whose
ordinaates re given by

. 4(;1.14-.:E
. m
ie. my’—day+dac=0. (2
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Let the roots of the equation ¢.e: the ordinates of P, @
be y1, ¥z and let ( z, ¥) be the co-ordinates of the mid-point:
V of the chord.

- + 9
Then, §="_Y2= 7-:3 from (2)
= constant (independent of c)..

Hence V lies on the line

y-%‘l ses aee (3),

which is parallel to the axis of the parabola.

Thus, the locus of the mid-points of a system of paralle¥
chords of a parabola is a line parallel to the axis of the
parabola.

Cor. 1. The axis of a pa.rabbla is a diameter which is.
perpendicular to the chords it bisects.

. Def. The locus of the middle points of a system of
parallel chords of a parabola is called a Diameter and the:
chords bisected by it are called the double ordinates.

8'19. Equation of a chord in terms of its middle-
point. '
To find the equation of a chord of y®=4ax in terms of
its middle point (z, y1).
The equation of any chord through-(%,, ¥1) is
y—yr=mlz—z,). Coee (D)

Let (2, '), (", ") be the points of intersection of this-
chord and the parabola. The ordinates of the points of
intersection of the chord and the parabola are given by the
roots of the quadratic in y, obtained by eliminating &
between (1) and y* = 4az i.e. by .

vs_4a(‘y" 1+mz1). t
m

or '3)‘1{/’ ~'day + day, — dama;=0.
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’ ”
vty _da _2a
Now, Y1 2 9m m
m=2aly,.

Subshbutmg this value of m in (1), the requued equation
-of the chord is

(y=-y1)y1 =2a(x - x,).

820. Pair of tapgents from a point.

To find the equation of pair of tangents from (T4, y,) to
.the parabola y*=4dax.

The equation of any line through (z,, ¥,) is
y—y=mlx—x,), - v (1)
or y=mr+iy,— mry.
1f it touches y* = 4daz,

then, 1/1"773JJ1=,,:' [Art. 811] - (2)

Now eliminating m between (1) and (2) i.e. substituting
‘the value of m from (1) in (2), we get the equation of the
pair of tangents as

Y=ha, Lole-ay),
1
T~ Y= U1
or (zyi—yr)w-yi)=alz-z,)".
'This when simplified can be put in the form
(y* - dax)(y,® — 4ax ) = {yy1 — 2alz + 2"
8'21. Parametric Representation.

Yo~

Sinee = at?, ¥ = 2t satisfy the equation of the parabola
-y® = 4ax whatever be the value of ¢, co-ordinates of any point
.on the above parabola can be represented by
x=at2,
y=2at.
By eliminating ¢, we get the equation in x, y ; the point

whose co-ordinates are (at 2at) is,for sake of btevnty ealled
the point “t”. .
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8'22. Equation of the chord in parametrie
co-ordinates.

To find the equation of the chord of the parabolw
y? = dax joining the points (at®, 2at,), (ats?, 2ats).

The equation of the line joining the poinis, is
z—at,® _ _y—2aty
at,’ - atg" 2aty — 2at¢
z—at,* _y—2at,,

o i +ig 9
or 2z — 2at %= (¢, + ¢, )y — 2at,),
or ¥ty +t5)=2x 4+ 2at,t,. (1)

(A) Equation of the tangent.
Putting ¢, =t3=¢, in (1), the equation of the tangent
at 't is
ty=z+at®. - - NERTIN 1))
(B) Equation of the normal.
Hence the equation of the normal at ‘t’ is
y—2at= - tlz - at?),
or y+izx=2at+atd. e (3)

.

(C) Point of intersection of tangents.
The point of intersection of tangents at ‘t’y and ‘t's i€
of tay=z+at,? and Loy =z +ats? is {at,tq, alty + )}
»
(D) Geometrical meaning of t.
Bince the equation of the tangent at ‘¢’ is

= —:-a:+at.

it follows that l =tan 6 i.e. t=cot 6, where 6 is the angle

which the ta.ngent mekes with the z-axis. Hence the
geometrical interpretation of ‘t’ is that it is the cotangent of

the angle which the tangent at the point makes with the:
w‘ans *
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(E) Focal chord.

o The equation of the chord joining the points ‘t’s and
2 is
Yty + tg)=2x + 2atyts.
If it passes through the focus (a, 0).
2a + 2atts =0.
Ve tytg=~1, or ta= —1/t;.
for a focal chord whose extremities are ‘t'y, ‘t'a,

we have

tlt’ = - 1-
The ends of a focal chord can therefore be represented
by ‘ (at®, 2at), (a/t®, —2alt).

823. An Important Locus.
The locus of the point of intersection of a pair of
perpendicular tangents to a parabola is the directriz.

Any tangent to the parabola is

a
=mz+ --
v m

If it pass through (x4, ¥1)
a
=mr, +
YL =mey m ’
or mtr, —my,+a=0. - (1)

If m,, ms be the roots of (1), then m m,=alz., - (2)

and the equations of the two tangents are y=m,z+ -"‘-:
1

and ¥ =m2w+"c:-. Since these tangents are perpendicular,

2
mymg = —1and hence from (2), —a/z,=1, ie. z,+a=0.
locus of (x4, y1) i.e. of the point of intersection of the
perpendicular tangents is the line z+a=0, which is the
directrix.
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Cor. The chord of contact of the two perp. tangents
drawn from (z,, 1) i.e. Trom (—a, y1) is yy1=2a(s— a)
which being satisfied by (a, 0) passes through the focus.
Thus, the locus of the intersection of a pair of orthogonal
tangents to a parabola is the directrix and the associated
chord of contact passes through a fixed point viz. the focus.

Alternative method.

Any tangent to the parabola is

a

7l=mz+’n, . - (1)
and a perpendicular tangent is

y= —'%m—am. o e (2)
Let (x,, y,) be their point of intersection.

y.=mz.+,:" e (3)
L)

1 .
y‘=—’»n.wl_am_ .es aee (4)

Subtracting (4) from (3),
1 1y
(m+’;;)z, + (m+m )a—O
i.6. z,+a=0

.*. locud of (x,,y,) is the line x+a=0 which is the directrix.

8'24. Number of normals from a point.

To prove that in general three normals can be drawn
from a point to a parabola and the algebraic sum of the
ordinates of the feet of these three normals is zero.

‘The line y=mz — 2am— am?® - (1)

is a normal to the parabola at the point .
(am®, - 2am). e (2)
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If this normal passes through a fixed point (%, k) then
k=mh~2am— am?®,
or am®+(2a-h)m+k=0. - (8)

The equation, being of the third degree in m, has three

roots (real or imaginary), corresponding to each of which
there will be a normal.

Let m,, m4, ms be the roots of (3),
then my+me +mz=0. [Art. 1°10)]

If y1, 2, ¥3 be the ordinates of the three feet, then by
(2), we get

it ya+ys= —2alm, +my+my)=0.
Cor. From the vertex of the parabola only one real
normal can be drawn.

Note. The points on the parabola the normals at which meet in a
point are called co-normal points. The co-ordinates of the co-normal
points (or ihe feet of the three mormals) are (am,®, —2am,),
{am,?, —2an,), (amy?, —2am,).

8'26. Polar Equation.

To find the polar equation of a parabola with the focus as
the pole and the axis as the initial line.

M P

Let (r, 6) be the polar co-ordina.teg of any point P on the
parabola. Draw PN perp. to the axis. Join SP.
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Then, SP=r, LXSP=0.
¢=SP=PM=ZN=Z7ZS+ SN=2a+r cos 6.
.. H{1~cos 6)=2a.

. 2a 2a
.. r T=cos ® or < 1=-cos 6.

Note. 1[ SZ be taken as the positive direction of the initial line
and Z ZSP=4, then the equation of the curve is
2a

8°'26. Ilustrative Examples.
Ex. 1. Every line parallel to the axis of a parabola may be regarded
as a diameter.
Let any line parallel to the axis be
y=A\. v ()
Suppose it bisects a system of chords parallel to y=mz.
Then its equation will be
y=2alm (2)
Comparing (1) aud (2), we sce A=2a/m. .. m—2al)\ Hence
the line (1) bisects the system of chords parallel to y= ¢, and
thus it is a diameter.
Ex. 2. The tangents at the ends of any chord of a parabola, meet on
the diameter which bisects the chord.
Let PQ be any chord and let its equation be
y=mz+c e @
and let the tangents at P, Q meet at the point B (x,, 9,). Then PQ is
the chord or contact of tangents drawn from B and .hence its
equation is
yy, =2alz+2,). (2)
Comparing (2), with (1) we have
yr=2am.
This shows that the locus of (z,, ¥,) i.e. of the point of intersection
of tangents is y=2a/m, which is no other than the diameter bisecting
the system of chords parallel to (1). .
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Ex. 8. Find the locus of the point of intersection of a pair of
tangents to y* = 4azx, the angle included belween them being always a.

What happens if a=3r ?
The line y=mz+ 51, is a tangent to y* =4azx for all values of m. I#
this line be a tangent from (z,, 7,), we have

a
=mz,+ —
1/1‘ vt

or m®z, —my, +a=0. Q1)
Let m,, m, be the roots of (1) ; then the two tangonts from (z,, ¥,)
are given by
y=m,a:+1' Yy=myz+ a.
m, m,
Since a is the angle between them

my — My
a=-—-'---*%
tan 1+m mq (2)

Now, (m,—my)*=(m,+my)*—dm, m,

W’ _da_y,*—daz,

z,? 1’1= z,? vee (3)

=1+ 0 =0%T,
1+m,m, 1+2; 2, (4)

From (2), (3), (4) we get
0= W __4.9?' .
tan” a (a+z,)
or 9,?—4ax, =(a+z,)® tan® a.
the locus of (z,,y,) ie.of the point of intersection of the

tangents is

y*—daz=(a+2)* tan® a.
[ This curve is a hyperbola; see ChapterX.] When a=3¥, we find
from (2), 1+m,m,=0, i.e. 1+;a<'--=0, ie. z,+a=0,
t

Hence the locus in this case is £+a=0, i.c. the directrix.

Examples VIII(B)

1. Find the co-ordinates of the extremity of the
diameter which bisects a system of chords parallel to y =mz
mr:g show that the tangent at that point is parallel to its

inates.
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2. Show the sum of the ordinates of the extremities of
any chord of a parallel system is constant.

8. _Prove that the locus of the middle points of a series
of chords of a parabola drawn through the vertex is a
parabola,

4. Show that the locus of the middle points of the
focal chords of a parabola is a parabola with its vertex at
the focus of the first. .

"5 Find the locus of the mid- points of the chords of
y® = 4ax, which pass through a fixed point (k, k). [Cc. U]

6. Find the locus of the mid-points of the normal
chords of the parabola y2 = 4ax.

7. Find the locus of the middle points of the chords of
a parabola which subtend a right angle at the vertex and
prove that all these chords pass through a fixed point on the
axis of the curve. L. U. 1937]

8. Find the locus of the middle points of the chords of
contact of orthogonal tangents to the parabola y* = 4az.

9. Find the middle point of the line 4z—3y+4=0
intercepted by the parabola y* = 8z.

10. Prove that the locus of the middle point of the
chord intercepted by the parabola y2=4az on any tangent
to y% +4ax =0 is a parabola,.

11. Fmd the equation of the pair of tangents from
(1, - 4) to y* =8a.

'12.  Find the length of the chord of contact of tangents
drawn from (z,, ¥,) to y° = 4ax.

13. Find the area of the trmngle formed by the two
tangents drawn from (z4, y1) to y® =4az and its chord of
contact.

..14, Show that the point whose co-ordinates are
z=2%+3, y=4t+5,
¢ being o parameter, lies on a parabola and find its equation,
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15. Find the point of intersection of the normals at the
points ¢y, ¢2. .

16. If the normal at the point ¢; meets the parabola
again at tg, then show that

to= =ty -

17. Show that phe semi-latus rectum is a harmonic mean
between the segments of any focal chord of a parabola.

18. Prove that the normals at the extremities of a focal
chord of a parabola intersect at right angles.

19. If the sides of a quadrilateral inscribed in the
parabola y® = 4ax make angles 01, 02, 65, 0, with its axis,
show that ;

cot 0, + cot 85 =cot 05 +cot 04.

20. Prove that the distance of the focus from the
intersection of two tangents to a parabola is a mean
proportional between the focal radii of the points of contact.

[C. U. 1941]

21. Find the locus of a point the two tangents drawn
from which include an angle of
(i) 60°, (i) 45°, (i) 30°.
22. Find the locus of the point of interseection of the
tangents to a purabola at two variable pionts ¢;,¢s such that.

1_2 + .!“\ =k (a constant).
tl t2

23. Find the locus of the points of intersection of a
pair of tangents to a parabola of which
(i) the produet of the cosines ;
(ii) the difference of the cotangents
of the angles of slope is-constant and equal to k.

24. Show that a circle desoribed on a focal chord of a.
parabola as diameter touches its directrix.
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25. Show that a circle described on a focal radius of.
a parabola as diameter touches the tangent at the vertex.

26. Tind tHe co-ordinates of the feet of the three normals
to the parabola y* =8z from the point (30, 24).

[ Use the cubic (3) of Art. 8:24. ]

27. TFind the equations of the three normals to y*=8z
which pass through (18, 12). .

28. The normals at three points P, @, B of y®=4daz
meet at the point (k, k). Prove that the C.G. of the
triangle PQR lies on the axis at a distance §(k—2a) from
the vertex. [4. U]

29. If the normals, at points fy, {2 meet on the
parabola then ¢tz = 2.

80. Find the length of the focal chord of the parabola |
which is inclined at an angle of 60° to the axis. -

81. Show that the least focal chord of a parabola is the
latus rectum.

82. 1In the parabola, prove that

(i) the sum of the reciprocals of the segments of any
focal chord is constant ;

" (ii) the sum of the reciprocals of two perpendicular
docal chords is constant.

[ Use polar equation, Art. 8'25. ]

A

83. Show that the area of the triangle inscribed in a
_parabola is double that of the triangle formed by the
tangents at the vertices. e

84. Show that the orthocentre of the triangle formed by
three tangents to a parabola lies on the directrix.



CHAPTER IX
ELLIPSE

9'1. Detlinitions,

An Ellipse is the locus of a point which moves so that
its distance from a fixed point bears constant ratio, less than
unity, to its distance from a fixed line. The fixed point is
called the Focus, the fixed line the Directriz and the ratio
is called the Eccentricity, usually denoted by e, (< 1).

9'2. Standard Equation,

To find the equation to an ellipse, given the focus, direc-
Iriz and eccentricity.

Y K
B P
M’ — M
3 \
N s C N S| JA |2 X
LI
Bl

Let S be the focus, ZK the directrix and ¢ (< 1) ba the
eccentricity. From S draw SZ perp. to ZK and divide SZ
internally at A and externally at A’ in the ratio e: 1, so
that

S4 sS4’ \
az-4'z °

Let C be the mid-point of 44’. Draw CY perp. to 44",
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Take Cas origin and CX, CY as =- a,xm and y-axis
respectively. Let AA’=2a ; then CA=C4'=a.

We have
84 _84"_cA-cCS8
¢4z 42T 0z-c4a

_C8+C4’ _a~CS_a+CS
A0+C£ CZ-a a+0CZ%
208 _ 2a
%9a 204

. CS=ae, (1)

and CZ=ale. (2)

. focus is (ae, 0) and directrix is z — a/e =0.

Let (z, y) be the co- ordma.tes of any point P on the
ellipse. Draw PN perp. to A4’ and PM perp. to the direc-
trix. From the definition of ellipse

SP=¢.PM,
or SP?=¢?PM?,
(z—ae)? +y® =e?(x—ale)?.

ie. (L-e?)z?+y?=(1-e?)a?,

R L

e 3 + prTrp 1. (3)

Putting =0 in (3), we find, y=ta ,./1 —¢?, which
shows that the axis of y meets the ellipse in two points
B, B’ (which are real, since ¢ < 1), lying on opposite sides of
C, such that

Let us take CB=CB =b, then

b =a(1-e?), @)
Then the equation (3) becomes ‘
2 o2
:’ + L - I- A (5)

. .This is phe standard equation of the ellipse. N
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Note 1. The points 4, 4’ are called the vertices, A4' the major
axis, BB’ the minor axis and C the eentre of the ellipse.

Note 2. If we take a point S’ on the negative side of the origin
such that CS'=CS=ae and another point Z' such that CZ'=CZ=a/e,
and we draw Z'K' perp. to 44', PM' perp. to Z'K', then it can be
easily shown from the equation (5) that the relation S’P? =g*PM'?
is satisfied and hence S’ is the second focus and Z'K’ the second direc-
triz. Thus the ellipse haz: a second focus and a second directriz.

Note 3. With reference to the above equation of the ellipse, the
following results should be noted :

(i) Co-ordinates of centre : (0, 0).
(ii) Co-ordinates of foeii : (+ae, 0).
(iii) Equation of Major axis : y=0.
(iv) Equation of Minor axis: x=0,
(v) Equations of Direetrices : x= +a/e.
(vi) Length of Major axis=2a.
(vii) Length of Minor axis=2b.
(viii) Eccentrieity : e==‘—,-'a"’a-
bz
(ix) Latus rectnm-z-;-

Note 4. From (5), we have
PN* g _,_&' _a'—2z' (a+z)la=2)_AN.4'N
b T e a? TTat T T T g
Hence the relation (5) is equivalent to the well-known property of
the ellipse
PN*®: AN.A'N=CB® : C4*.
Note 5. Peculiarities of the curve.

(i) The ellipse is symmetrical about the origin, since by putting
—z, —y for @, y in the equation of the ourve, the form of the equation
is not altered ; so the origin is its centre.

(ii) The curve is symmelrical about the x-axis, (i.e, the major axis)
since by putting —y for y, leaving = unchanged, the form of the equa-
tion remains unchanged. Similarly, the curve is symmetrical about
the y-azis ( .e. the minor axis ).

11
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(iii) Since y®=b%(1—x*/a®), if x*/a®>1, i.e. if 2 has any value not
lying between —a and a, y* is negative and hence y is not real. Simi-
larly z is not real when y has any value not lying between —b and b.

This shows that the curve lies entirely within the rectangle formed
by the lines z==*a, y=*b. Hence, the ellipse iscalled a closed

curve.
9'3. General Equation.

To find the equation of an ellipse whose focus is (a, B),
whose directriz is lx+my+n=0 and eccentricity is e (< 1).

Let P(z, y) be any point on the ellipse, S be the focus
and PM be the perp. on the directrix.

SP=¢PM,
or SP* =¢*PM2.
o(lz +my +n)*

($’0)2+(U"3)2=3 1% 4 m?

Note. This equation on simplification can be pui in the form
az? +2hay+by® + 2z +3fy+c=0, whence it can be easily shown that
h*<ab. For an illustration see Ex. 1 of Art. 9.

Henceforth standard equation will be used unless otherwise stafed.
Special form.
By changing the origin to (a, ), axes romaining parallel,
the equation

» JPAY - /)2
U
xs 1[2
reduces to etp= 1. )]
Hence an equation of the form (1) always represents an

ellipse whose centre is (a, #) and axes are of lengths 2a, 2b
and equations of whose axes are z=a, y=§.

The equation (1) when simplified assumes the form
Az®+ By* +2Gz+2Fy+C=0. - (3)
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8o we conclude that an equation of form (3) (where 4
and B are both positive and unequal), always represents an
ellipse with sts principal axes parallel to the co-ordinate axes
and s a real ellipse, a point ellipse or an imaginary ellipse
according as the expression G*/4 + F?/B-C >=or < 0.

94, Latus Rectum.

The Latus rectum of tho ellipse is the double ordinate
through either focus. Il LSL’ is a latus rectum, SL= SL’.

Let the co-ordinates of L he (ae, 1), so that SL =1.

2 2 2 2 o
q"&’z + I-)l£= 1, or lfz = 1 - b
4 e}
= bz. l= b*,
a a
b2

Latus recium= 2;

9'5. Foeal Distances of a point.

Let (z,,y1) be the co-ordinates of P. From fig. of
Art. 9°2,
SP=¢PM=¢NZ=eCZ—-cCN=a-ex,
S'P'=ePM =eNZ' =eCZ'+eCN=a+ex,.
SP+8P=a- ez, +a+ex=2a.

Thus, the sum of the focal distances of any point on the
ellipse is constant and equal to the major axis.

9'6. Position of a point in relation to an ellipse.

The point (z,, v.) lies outside, upon or inside the ellipse
2 V2 21 acoording as T +14 —1>= or <0
42 ba a g a2 bz .

Let Q be the point (24, ¥1). Draw QXN perp. to 44’
cutting the ellipse in P, Then the absc;'issa. of Piszy; and
let its ordinate be ¥’, so that P is (z4, ¥').

2 ’2 /2 2
P T 2
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Now, @ lies outside, upon or inside the ellipse-
according as @QN* >= or < PN*

» Y12 >=or <y?
2 ’2
” % >= or<12—,
2 H
" B >= or <1-%
"i;l
. +—,, -1>=or < 0.

9'7. Auxiliary Circle.

The circle discribed upon the major axis of the ellipse
as diameter, is called the Auxiliary circle of the ellipse.

The equation of the auxiliary circle w. r. {. the axes ofi

a the ellipse as axes of co-
ordinates is
P x2+y2m=g?,
@ Let P be any point on the:
- T N A ellipse. Draw PN prep. to the-
A ' major axis and produce it to-

meet the auxiliary circle in Q.
Since co-ordinates of P are
(CN, PN), co-ordinates of @

are (CN, QN) ; we have from the equation of the ellipse and.
the auxiliary circle,

o', PN' .y ON', ON"

makle SN R
P ”_91\7_’
b® a® 1
P_Nﬂko

or N~ a

Points P and Q are called corresponding points. Thus,.
the ratio of the ordinates of a pair of corresponding points.
is constant. ;
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9'8. Eccentric Angle and Parametric representation.

In the fig. of Art. 9°7, join CQ. Then £ QCA is called
eccentric angle and is here denoted by ¢.

Thus, the Eccentric angle of any point on an ellipse is ¥
the angle which the line joining the centre to the coorrespond-
ang point on the auziliary circle makes with the major axis.

From the right-angled AQCN,
CN=CQ cos p=a cos 9.

If (z, y) be the co-ordinates of P, we have z=a cos 9.
2 2

Y m1- =1 - 20 o int,
y=>bsin @.
Thus co-ordinates of P are (a cos @, b sin ¢),
and co-ordinates of @ are (a cos ¢, a sin @).
Since Xx=acos ¢
y=b sin ¢
-satisfy the equation of the ellipse whatever be the value of

@, these two together give tho paramectric representation of
the ellipse.

The point whose co-ordinates are (a cos @, b sin ¢) is,
‘for sake of brevity, very often called the point ¢.

9'9. Intersection of a line and the ellipse.

To find the points of intersection of the line

yﬂma;+c (1)
2

‘with the ellipse - ; b” -1 (2)

The absciss® of the pomts of intersection of (1) and (2)
are given by the quu.dra.tlc in 2, obtained by eliminating y
between (1) and (2) i.e. by

+c)?
b:i + (m:z:b2 oy
or (a®m®+b%)z? +2a®mez +a®(c® - b%)=0. - (3)
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This being a quadratic in  has two roots (say, zi, Z2)
real, coincident or imaginary.

Hence every line meets the ellipse in two poinis real,
coincident or imaginary. .

The points of intersection will be real, coincident or
imaginary, according as the roots of (3) are real, coincident.
or imaginary <.e. according as

da*m®c® = 4(a®m® + b%) x a%(c? -5%) >=or <0 °
i.e. according as a’m? >= or < ¢2-d?
i.e. " c® <= > a’*m?®+ b2,
The ordinates of the points of intersection, ¥, ¥z can
be obtained by substituting z,, 2, for z in (1).
Thus ¥y =mz, +¢, y»=mzs +c. (4)

9’10, Tangent at a point.

To find the equation of the tangent to the ellipse
2 2
a: b"'z =1 (1)
at the point (x1, y 1) on it.
Let P be the given point (i, ¥:) and Q(zz, y2) be a
point on the ellipse very close to P. The equation to P@Q is-

—y, =1 T VY2
yylz_z(w ). (2)

Since P, @ lie on the ellipse Q).

—‘—+%—1——1 and =5 o’ +'ybz‘ =1. .
. by subtraction
e (2, +zz)g¢1 - fcz) ‘1/1 +1lz)(L1 ila)
a
Yr—Y2 b? 2, +$z 8)

T1- % - 'a v1+1/z
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by (3), the equation (2) of the secant PQ becomes
y—yy = Tk 2T ) - (4)
e’ yitys v
When @ woves and ultimately coincides with P, the secant

PQ becomes the tangent at P ; in this case y2=y,. Hence
putting ¥2 =y, the equation of the tangent at P becomes

b2 Ty
sy == 5 M-z
Y& Yy a® 7/1\ 1h
2 2
. Trr wy z Ys_ _
ie. A

Hence the equation of the tangent at (T, y1) is
XX
;§1+%§' =1,

9'11. Condition of tangency of a line.

To find the condition that the line y=mz+c¢ -+ (1)
shall touch the ellipse
2 2
:2 +%2=1. e .. @

The abscissa of the points of intersection of (1) and (2)
are given by

ie. (a*m? +b%)22 +2a2mex +a®(c® - b2)=0. ... (3)

The line (1) will touch the ellipse if the two points
of intersection are coincident i.e. if the roots of (3) are
equal

ie. if 4da*m®c®=4(a%m? +b%)a%(c® - b?)

ie. if c? =a2m? + b®

ie if c=+ Ja?m?+b2. ... e (4)

Hence each of the lines y=mx+* 1/a’m®+b? is always a tangent
to the ellipse (2), whatever be the value of m.
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Point of contact.
Let (x4, y1) be the point of contact of the line.
Then 2, =equal root of (3) .
2met 124 b2
- - = T W
. m
Ja®m?®+b?
' a’m* i T
Y1 =My +c= + ;/P'r—n_' =1—)§i\/ ¥m® 4+ b2

" A
.. co-ordinates of the point of conlact are
2 2
—  a'm b )
F- =y 4+ Py
Ja’m’+b“’ = Ja*m? +b* ®)
Note. Similarly it can be shown that = cos a+y sin a=p will
touch the ellipse if

p®=a? cos?q +b? sin’q,
the point of contact being (a?cos a/p, b%sin a/p) and lz-+my+n=0
will touch the ellipse if a%12+b?m® =n?
the point of contact being (—a®*l/n, —b>*m/n).
Alternative Method. '

Let (24, 7,) be the point where the line (1) touches the ellipse.
The equation of the tangent at (z,, y,) is

?’14.%1/’1=1, v (6)
(1) ‘can be written as mz—y= —c. e (7)
+*+ (6) and (7) must reprmnt the same line.
SO S -—- .
a*m —=b? ™
2 bl
R« R S )
. » 2 2 . b b‘
R “ “c’," +gug =1l

S t=matmP4d?, de. cm 4 Ngimi4 b8 ... (9)
Substituting the value of ¢ from (9) in (8), co-ordinates of the point
of contact will be obtained.
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9°12. Equation of a chord in parametric co-ordinates.

To find the equation of the line joiming the two points
(a cos 0, b sin 6) and ( a cos @, b sin @).

[
The equation of the line joining them is

x—acos f y—bsinf
alcos tp cos 8) = b(sin ¢— sin 0)
z ._‘LEQ?_ 0 y-hsinb .
" 9a sin 3(6 + ®) sin 3(6 - tp) ~ 9b cos 4(6 + @) sin 2(0 - (p)
z—acosd _ _ y—bsinb

asind0+¢)  bcos 30+9)

or Ecos 3o+ @)+ Z—sin 30+ 9)

=cos @ cos 3(0 + @)+ sin 6 sin 3(6 + ¢)
= cos{0 — cos 3(6 + @)}
=cos §(6 — ).

the required equation is

;—’ cos 3(8+ @) + Z sin 3(0 + ¢) =cos 3(6 - ¢).

Cor. Putting 6 =¢, the equation of the tangent at @ is

X Ysin p=
a cos ¢ + bsmq: 1.

9'13. Normal at a point.

(A) To find the equation of the normal of the ellipse at
(@1,91)

The tangent at (zy, y1) is wf—‘ +1,2y1 1,

bﬁ 2
3 s b’" . (1)

Any lipe through (., ¥,) is
y=yi=mlz—=z,). - (2)
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1f (2) be normal at (z;, ¥1), it must be. perp. to (1).

. b’w,) . a’y,
o X\==% =-1, .. =v e
m ( aiys 1, t.e.m bz,
The equation of the normal is therefore
a2 Y
-y = (e —x,),
Y=Y1 b‘wl( 1)
X-X -
ve X1 Y7V . e (8)
Xy hA]
a? b2

(B) To find the equation of the normal at the point .

The co-ordinates of the point are (a cos @, b sin @}
Putting £1 =a cos ¢, ¥, =b sin ¢ in the above equation (3)
it becomes

alz —a cos o) _bly = b sin 9),
cos @ sin @
or az sec 9— a® =by cosec ¢ — b°.

The required normal is therefore
ax sec ¢ ~ by cosec ¢ =a® —b?2.

9°'14. Number of tangents from a point.

To show that from any point there can be drawn two
tangents to an ellipse.

The line is y=mz+ Ja?m?®+b? .. (0
is a tangent to the ellipse for all values of m.

The problem of drawing a tangent from (z,, y,) reduces

to that of choosing the parameter m so that (1) may pass
through (z,, y1), the condition for which is

Yir—mxr, ™= Ja’r_n?:b_f.
or (y.—mz,)® =a?m?+b?,
or (z,2-a®)m? -2z ym+(y,2—0%)=0. -+ (2)
This equation being a quadratic in m, gives the m’s of

the two tangents drawn from (z,, ). 'Hence.there are
. two tangents from (2, ¥,).
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Evidently the-two tangents from (z,, y1), will be real,
coincident or imaginary saccording as the roots of (2) are
real, coincident or imaginary ; that is according as .

4r, %y % -4z, 2~ a®)(y 2 - b%) >=or < O

. <
i.e. according as bzt +alyf -at? >=or <O
; 3312 '!/12
t.e. " 2 + e 1>=0r<90

i.e. according us the point (x,, y1) is outside, wupon or
inside the ellipse.

9'15. Pole and Polar.

The Pole and Polar with respect to an ellipse are defined
exactly in the same way as in the case of a circle. [Art. 6'12]
(A) To find the polar of the point (xy, y1) w.r. ¢t the
ellipse z?la* + y? /07 =1.
If the points of contact be (z,, ¥2), (x5, ¥s) the tangents
at these points are
zzs/a® + yy/b* =1
zz3/a” + yys/b® =1.
Since both these tangents pass through Plzy, y1).
2122/a® +y19.[b* =1
z1Z5/a® + y1y5[0* =1.
These relations show that the two points 4, B are
situated on the line

% +1b1; =1,
which is therefore the reqd. equation of the polar of the
point.
Cor. The polar of the focus is the corresponding directriz.
(B) To find the pole of the line lx+my+n=0w.r. .

the above ellipse.
Let (x4, 1) be the reqd. pole.
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The polar of (24, y1) w. 7. t. the ellipse‘is
lr-1=0
This must be identical with
lz+my+n=0,

Ty U1,
a®l” b*m n
.. reqd. pole is (— ;l'a.”. - ':bn b’)'

9'16. Properties of Pole and Polar.

(i) If the polar of a point P w.'r.t. an ellipse passes
through @, the polar of Q passes throuyh P.
(ii) The point of intersection of any two lines is the pole
of the line joining the poles of Lhe lines.
(iii) If the pole of the line lx+my+n=0w. 7.t an
ellipse lies on the line Uz +m'y +n' =0, then the pole of the
line 'z +m'y +n' =0 lies on lz + my + n=0.

The proofs of these three are exactly similar to those
given in the case of a circle. (4rt. 613).

9'17. Chord of contact.

The’chord of contact of tangents drawn from (z1, 11) to
the ellipse is, as we have seen in the case of a circle and
3 pa.ra,bola., nothing but the polar of the point a.nd hence its
equation is

XX
e tpe-l

- .9'18. Director circle.

To show that the locus of the point of intersection of @
. pair of perpendioular tangents to an ellipse is a circle.
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Any tangent to the ellipse is
. y=mz+ JaPmiEb%, - (1)
and hence a perpendicular tangent is

1 a® | .,
y==-las A/5»-.‘+z,2. - (@)

Let (z,, ¥,) be their point of intersection.
Sl immay= JIWEE - (3)
myy+ @y = JaT+0'm2 - (4)
Squaring and adding (3) and (4), we get
(1+m®)z,® +91%) =1+ m*)a® + b7),
ie. T ity,?=a®+0d%
.. the locus of (z,, ¥,) is the circle
x2+y2=a%+b2.
The centre of this circle is the centre of the ellipse and’

radius is equal to the length of the line joining the ends of
major and minor axes.

Def. The circle which is the locus of the point of inter-
section of o pair of perpendicular tangents is called Director
circle.

Alternative Method.
Any tangent to the ellipse is
y:mz-‘- Ja:‘-m‘+b’ ess ses (1)
where m is a variable parameter.
If it passes through (z,, ¥,) then
Yr=mx, + N/l;"—m’--l;i)’—,
ie. (Yys—mz1)®=a’m?*+0*
or (z,®°—a’)ym®*—2z,y,m+y,*—b=0 - (2) -
This quadratic gives the m's of the two tangents through (z,, »,). If.
m,, m, be the roots of (2), the two tangents will be perpendicular
if mymyg=-1,

ie 2,°+y,'=a+b%.
.*. the locus of (z,, ¥,) is the circle x®+y®=a’+4®
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919, Illustrative Examples.
Ex. 1. Find the equation of the ellipsc whose focus is (2, 3) eccentri-

ity :/lﬁ and directriz z —y+13=0. [c. U
[}
Let (z, ) be any point on the ellipse. Then from the definition
of ellipse, we have from Art. 93,

SP?=e*PM*.
.. (5_2)1+(y_3),=113.(z—:;;13)1 .

which on simplification reduces to
252 + 2zy + 25y — 180x — 180y +169 =0,

This is the reqd. equation of the ellipse.

Ex. 2. The locus of a point which moves such that the sum of its
.distances from two fixed points is constant is an ellipse,

Take the line joining the given points S, 8’ as the z-axis and its
middle point O as origin. Let the co-ordinates of S, S' be (c, o),
{—c, 0). If (x, y) be a point P on the curve, we have

SP+8'P=constant =2a say.
Mz=c)* +y* + /(@ +c)* +y* =2a.
V=0 ¥y ~2a= = o+ Ty
On squaring, we obtain
(=) +y* —daN(z—c)* +y* +4a = (z+c)* +7*.

Simplifying, rearranging and dividing by 4, we get

aN(@—c)* +y*=a—cz.

Squaring again,

a*(z—c)*+a’y®=a* -2’ cx+c’z?,

i.e. m'(a'—c’)+y’a“=a‘_a!c‘l=ac(aa_cz).
. 2? y* .
. d’+¢F-—c‘=1'

Since SP+8'P >SS’ .. a>c¢ .. a*—¢" ispositive and say
«equal to b?, where b* obviously less than a”.

%
Hence ?:—, +£1, =1,

The locus of P is thus an ellipse.
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Ex. 3. Show that a circle is a limiting case of an ellipse.

When b=a, the ellipse z/a®+y*/b>=1 becomes the circle
z*+y®=a%, and e"=a"-(-:.,bq =0. Alsoin such a case, CA=eCZ or
CA|C¥,=¢=0; sinco CA is finite, CZ must be infinitely large.

Again, C8'=CS=¢.C4=0.C4=0, the two focii conicide.

Thus a cirlce may be regarded as a limiling case of an ellipse in
which the major axis is gqual to minor axis, eccentricity is equal to zero,
the two focii are coincident with the centre aud the direclrices are
situated at infinily.

Ex. 4. Fand the length of the chord intercepted on y=mz+c by the
ellipse.

Let (z,, #,), (24, ¥a) be the points of intersection of the line and
tho ellipse, and let I’ be the reqd. length, Theng,, », are the roots of
the quadratic.

(@*m® +0*)z* +2a mex +a*(c* — b?) =0. e (1)
[ See Art. 9°3 ]
(2, —x,)? = (2, +2,9)* — 42,2,

_ datmie el —1)
Tatmr+b*)? T afmt+bt
4a? . ; ;
= (d’?’ii_'f_' A(;) J{a’m?c? +(b* —c?)(a*m® +b%)}
4a?b?
= (@im? +pi): (@M O —ed). e e ()

Since y,=mx,+¢, Yy=mratc. . Yi—=Ya=m{z,—T,). ... (3)
Di=(z, =) +(y, —9a)* = (&, —2,)*(1+m?) by (3).
by (2) and (3),
o _4a’pM1+m?)

= [a'mi Fo)s @Tm7 b —c?).

Hence D can be obtained.

Ex. 5. Find the point of intersection of the tangents at 0 and ¢ to
the ellipse.
Lot (x,, ¥,) be the point of intersection. The polar of (z,, y,) is
zz,/a*+yy, [b?=1. e 1)
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The line joining 6, ¢, is
ﬁ cos 3(0+9) + ’;-sin 3(0+¢)=cos §(6—9¢). (2)

(1) and (2) mpust be identical
z,/a® = u, [b®

;licos 3(0+9) ]l;sm 3(0+9) " cos *(0 -9)

cos &(0+¢) = sin %(0+¢)
cos glo—9) ¥ cos 3(0—¢)

whence we get z,=a-—

Otherwise

The tangents at 6 and ¢ are
% cos 6+ Lsin 0-1=0,
a b

:-'cos ¢+%sin ¢~1=0,

Solving for z, y by the rule of Cross-Multiplication,
zla - y[b -1
gin ¢ —sin ¢ cos ¢—cos 0 gin ¢ cos 0—cos¢ ging - sln (0 ¢)
]
Oacos §(0+9) sm §(6—9) 26 sin ¢(a+¢) sin § (6~ ¢)

.6

1
=35 4(0=4) cos §0-9)
On simplification we get the values of z, y, the co-ordinates of the
point of intersection.

Ex. 6. Find the locus of the foot of the perpendicular drawn upon
any tangont to the ellipss z*[a®+y*[b* =1

(i) from the centre,
* (ii) from either focus. .
(i) Let  cos a+y sin a=p be a tangent to the ellipse ; then
p?=a® cos?a+b* sina.
Also, (p, a) are the polar co-ordinates of the foot of the perpendi-
cular,

«*+ the polar equation of the locus of the foot is
r3=ma?® cos?6+b® sin’6.



ELLIPSE 177

Multiplying both sides of this by r?,
r*=a%r? cos?0+b%r? sin’e,
or (= +4%) =a’z® +b%y°. .

This is the Cartesian equation of the locus of the foot i.e, of the
pedal of the ellipse w. r. t. centre.

(i) The line y=mz+ Aa*m®+1* ... (1) is a tangent to the ellipse
for all values of m.

The line through the focus (ae, o) perp. to (1)

is yie— ’-:;(a:-ae). @

Now (1) and (2) can be written as
y—mz= Ja'm® +b°,
my+z=ae= na’—b°.
Eliminating m between (1) and (2), we get the locus of the point of
intersection of the lines (1) and (2) i.e. of the foot of the perpendicular.
Now (1) and (2) can be written as
y—ma= /a’m*+b%, . @
my+a=Ja®—b*, .- (4)
Now, squaring and adding (3), (4), we get
1+m?)(z® +9°%)=a*(1+m?),
or a'+y’=a’.

This is the reqd. equation of the locus, i.e. of the pedal of the
ellipse w. r. t. either focus. This is the duxiliary circle.

Examples 1X(A)

[ Unless otherwise stated, by an ellipse is meant here an ellipse vepre-
senied by its standard equation, ]

1. Find the equation to the ellipse

(i) whose focus is (-9, 8), eccentricity is J/# and
directrix is 2~ y+7=0;

(ii) whose focus is (-1, 1), eccentricity is 3 and
directrix is 2~y +3=0. [C. U. 19456]

12
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2. Find the centre of the elhpse whose eccentnclty is
%, focus S is (O 0) point of mterseotlon of the axis and
directrix Z is (-1, —1).
" [ 28 is divided mtcmally and exlernally 1oy 4, A' in the ratio
of2:1.]

8. Find the equation of the ellipse (referred to its centre
ag origin and major axis as z-axis) whose latus rectum
is 5 and eccentricity is 4. [C. U. 1940]

4. (i) Find the vertices of the ellipse
(z=1)%  (y-30?°
5 5

(ii) Find the eccentnclty and latus-rectum of the
ellipse

=-1.

8x% +4y% +62—8y=5.
6. (i) Verify that the four foci of the two ellipses

U 1/ /N
169+25 L a56* 4061
are concyclic. -
(ii) Show that the following ellipses have the same
foci
3
z y l ¥
5t 28+ g =1 30*11 =1
6. If the ellipses
» 2 2 2
“—”—+%,-1, %"'%?"1' : \

have the same eccentricity, tHen ala =b/8. -
7. Find the positions of the following points
. (4,1%), (2, -1), (5, 3)
w. 7. §. the ellipse 9z® + 25y® = 225.
-8, (i) The distance of a point on the ellipse
2?6 +y%[2=1
from thecentre is 2. Find the eccentric angle of the point.
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(ii) Find the eccentric angles of the ends of latera
recta of 22° +4y% =1, .

9. Find the length of the chord intercepted by the
ellipse 92* + 16y® = 144 on the line 3z +4y=12."

10. Show that the line joining the upper end of one
latus rectum and the lower end of the other of an ellipse,
passes through its ceptre.

11. Find the locus of a point which moves such that
the sum of its distances from the two points (3, 0) is 10.

12. (i) Show that the point

- l___tj, =} -_%i_,
S T A S T
awhere ¢ is a variable parameter, lies on an ellipse.

(ii) Show that the locus of the point of interseetion df

the lines "=+ ¥ —2=0, Z =21 +1=0 where A is variable,
. a b a b

is an ellipse.

13. Prove that the equation of the chord joining the

. NN
points (%1, ¥1), (s, ¥2) on theellipse s+;7=1

is (_z-w,_z(f“_ﬂ)_‘,@:.b.l);(f;”’_)e:‘;—: +%: -1,

and hence deduce the equation of the tangent at (z4, ¥1).

14. (i) Find the equations of. the tangents to the ellipse
92® + 16y® = 144, which make equal angles with its axes.
(ii) Find & point on the ellipse b°z®+a’y®=a’b"
such that thé tangent at it is equally inclined to the axes.

15. (i) Find the points on the ellipse z®+4y" =2 the
tangents at which are perpendicular to the line 3z+y = T7=0.

(ii) Pind the points on the ellipse 8z +y® =87 the
pormal at which is parallel to 5z— 6y +3=0. ,
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16.- Show that the tangent at any point on the ellipse
and the tangent at the corresponding point on the auxiliary
circle meet on the directrix.

17. 1If 0, ¢ be the eccentric angles of a focal chord ‘of ans
ellipse of eccentricity e, prove that

() e cos 3(6+9)=cos }(0—9);

s 1¥Fe .
(i) ton 36 tan dp+ 75 =0, [C. U. 1946}
18. For a system of parallel chords, prove that the sum

of the eccentric angles of the extremities of any chord is
constant,. [c.U)

19. The eccentric angles of two points on an ellipse with

2a as the length of its major axis are 8 and ¢ and their join

~intersects the major axis at a distance ¢ from the centre.
Prove that

c—a
tan 30 tan dp="—— [C. U. 1941}

20. If PQ, PR are focal chords of an ellipse and 2a, 28,
92y are the eccentric angles of P, Q, R ; prove that

tan a tan g tan y=cot a.

21. Show'that the line lz+my=n is a normal to the

. » Q.’. ye . Q: E (a!_bs)a
ellipse s 1if o it [c. U. 1946)

22, Show that the condition that normals at (z,, 1),
(23, y2), (zs, y3) on the ellipse z*/a®+y*/b®=1 may be
concurrent is

Ty Y1 Ty 0. [c.U)
T2 Yz Za¥Y3
Ty Ys xaYs
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23 If the normal at any point P on the ellipse meet the
major and minor axes in G and g ; show that

PG : Pg=0b?: a’.

24, Show that the normal and the tangent at any point
of an ellipse bisect internally and externally the angle
between the focal distances of the point.

[ Suppose the mormal meets the axis at G ; show that SG:S'G
=SP:SP.] *

25. Show that the eccentricity of the ellipse in which
the normal at one end of a latus rectum passes’ through an
end of the minor axis, is given by the equation

et+e*—1=0.

26. Show that the equation of the normal at (2, ¥') to
the ellipse can be written in the distance form as

z-a =YY oy

v2la* " py'l6?
where p is the perp. from the centre upon the tangent at
that point.

27. Find the pole w. r. ¢t. the ellipse z*/a®+y*/b*=1 of
the following lines
() le+my=1, (ii) z cos a+y sina—p=0;
(iii) the chord joining 6 and ¢. :
28. If the pole of the normal at P lie on the normal at

Q, then show that the pole of the normal at @ lies on the
normal at P. [c. T. 1940)

29. Show that the locus of the poles of a system of
parallel chords of an ellipse is a line passing through the
<centre.

30. (i)»Find the locus of the pole of a tangent to the
ellipse w. . ¢, the auxiliary circle.

(ii) Find the loous of the pole of a tangent to the
auxiliary cirele w. 7. ¢. the ellipse.”
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81. If three points are collinear, prove that their polars
w. r. . an ellipse are concurrent. :

82, Prove that the tangents at the ends of a focal ehord
of an ellipse meet on the directrix.
88. (i) Show that the equation of the chord of the ellipse
joining two points whose eccentric angles are (a + f) is
z S '
;cos a+ p 8in a=cos ﬁ.,

(ii) Prove that the tangents to the ellipse at points
whose eccentric angles are (a * p) meet at the point

(a cos @ sec B, b sin a sec B).

34. Find the locus of the Point of intersection of tangents
at two points on the ellipse z*/a® +y*/b* =1 when

(i) the( 3um of their eccentric angles is constant
=(28),

(i1) the( di)ﬁ'erence of their eccentric angles is constant
=(24).

85. Show that the line joining the extremities of any
two diameters of an ellipse which are at right angles to one
another will always touch a fixed circle,

86. Prove that the locus of poles of such chords of an
ellipse a8 touch a concentric and co-axial ellipse is another
concentric and co-axial ellipse. [c. U. 1928)

87. Find the locus of a point such that its polar w. 7. ¢.
:he e)llipse b%z® +a’y=a®b® passes through a fixed point.
h, k). ' .

38. Find the locus of the poles of normal chords of the:
ellipse. :
89. Prove that the locus of the pole of a chord of am
ellipse .
~ (i) which subtends a right angle at the centre,

(i) which touches the director. circle,
is in both cases, a concentric ellipse.
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40. A point is such that the perpendicular from the
centre on its polar w. r. ¢ the ellipse z*/a®+ ¢y?/b*=1is
constant and equal to ¢ ; show that its locus is the ellipse
z%/a* + y®/b* =1/c2, [P. U. 1945)

41* Find the director circle of 4z*+ 9y® = 36.
42. Prove that the circle having any focal distance of an
ellipse as its diameter touches the auxiliary circle.
43. If P be any, point on the ellipse whose foci are
S, §’, show that
rg=1=e,
tan ¥ PSS x tan 3 PS’S 1T,

[If LPSS' and PS'S be 6, and 6', find cos 6, cos 8' by applying
the formula 2bc cos A=b*+c*—a® to the APSS'. ]
44. Find the condition that the tangents to the ellipse

z®/a®+y®/b®=1 at the two points where it is cut by the
line Iz + my =1 should be perp. to each other.

[ The point of intersection of the tangents lies on the director circle.]

45. An ellipse slides between two lines mutually at

right angles. Show that the locus of its centre is a circle.
[C. U. 1932]

9'20. Equation of a chord in terms of its middle
point.

To find the equation of a chord of the ellipse x2/a® + y%/b®
=1 in terms of its middle point (x4, y1).

Any chord through (z,, y,) is
y=yi=mlx—-z,), e (@)
or y=mz+ec, R ()]
where  c=y, —mz,. o
The absciss® of the points of intersection of (2) and the

ellipse are given by the roots of

2 + 2 N
ii +w7,?fl =1,

or of (a®m® + b%)x? + 26 mez + a®(c? - b2) = 0.
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If 2’, " be the roots of this equation,

2’ +z” a’me a’ -
0= - e T

from which we get ~ m= —b%z,/a’y,. .

Bubstituting this value in (1), we get the reqd.
equation of the line as

@-x) 3 +-y) H~o.

921. Diameter.

To find the locus of the middle points of a system of
parallel chords of the ellipse z*/a® + y?/b% =1.

Let- the chords be
e |Y parallel to

Y = me. e (1)

Then any chord P@Q of

c parallel system is
X y=mz+c. - (9)
¢ being different for
Q different chords.

The abscissee of the
points of intersection P, @ of the ellipse and the line (2)
are given by the roots of the equation

2

z®  (mz+e)?
- .I?"'(_‘i‘a_')":lt

or (a®m®+b%)z® + 2a%mez + a’(c® - b%)=0. (3)

Let (z, ') be ttte mid-point V of PQ and z,, z; the
roots of (3).

. wl_ﬁx"‘ﬁg - - a’.mc
. . 2 a’mﬂ-l_bﬁ

a'm’c _ b
alma +bs asmi.l_bi

v =mz'+c=c-
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’ bg
%, - - ;g;=6onsta,nt (3.e. independent of ¢).

V always lies on the line

b
Vi agmz. (4)

Hence the locus of the middle points of the chords of
the ellipse drawn pa.rs,llel to the line (1) is a lme pa,ssmg
through the centrt wviz. y= m'z  where m' = —b%/a®m
i.e. mm' = - b*/a®.

Def. The locus of the middle points of a system of
parallel chords of an ellipse is called a Diameter and the
chords are called its double ordinates.

Thus, any diameter of the ellipse passes through its
centre.

9'22. Properties of Diameters.

(A) The tangent at an extremity of any diameter is
parallel to the chords which 1t bisects.
The diameter bisecting chords parallel to
y=mz , .es wes (1)
2

is y= —6b1-1~1,z ee ese (2)

Let (x4, y1) be one of the points where (2) meets the
ellipse,

b om=-EL L
then — y1== gz, C.om=- g (3)
The tangent at (z1, ¥1) is m‘ "'y:a' =1,
= _.b_’ Z1 li
or V=TE ey

=mz+b*/y; by (8)
and hence it is parallel to (1).
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(B) The tangents at the ends of ‘any chord meet on the
diameter which bisects the chord.

Let the chord PQ be
: y=mx+e - o (1) e

Let (x4, y1) be the point of intersection of tangents at
P, Q. Then PQ is the chord of contaect of the tangents
from (24, ¥,) and hence its equation is

Z Wy, - @

Since (1) and (2) represent the same line,
m=—b%z,/ay,.
2
Hence (z4, y,) lies on the line y = - :Tm z, which is the
diameter bisecting the chord PQ.

9°28. Conjugate Diameters.

Two diameters are said to be conjugate when each
bisects all chords parallel to the other.

From Art. 9'21, we see that the diameter bisecting:
chords parallel to the diameter y=mwz is y=m=z where
mm' = - b*/a®. The symmetry of the result shows that in
this case the diameter ¥ =ma also bisects all chords parallel
to the diameter y =m'z.

Thus, the two diameters y=ma, y= m'z will be conjugaie
if
2
mm’ = ~ :—,-

9'24. Properties.of conjugate Diameters.
(i) The eccentric angles of the ends of a pair of conjugate
diameters of an ellipse differ by a right angle.

Let PCP', DCD’ be a .pair of confugate .diameters and
let P be (a cos @, b sin ¢) and D be (a cos ¢, b sin ¢).
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. . . b
Equation to PCP’ is y= - tan ..

|
Equation to DCD’ is y= 2ta.n ¢ .z

Slnce the diameters are conjugate,
b2 , b
df_tﬂfﬂ P tan ¢ = -07'
tan @ tan ¢’ = -1,
or cos ¢ cos ¢’ +sin ¢ sin ¢ =0,
or cos (¢'—¢@)=0.
, x
gp=x5 .. e (1)

Cor. The values of ¢ obtained from (1), viz. ¢+ 3=,
®— 3= corresponding to @, refer to the points D, D', respec-
tively. Thus, the co-ordinates of the four extremities of two
conjugate diameters are

Pla cos ¢, b sin ¢), P(—a cos ¢, — b sin ¢),
D(-a sin @, b cos ¢), D'(a sin ¢, — b cos @).

Equation to CPis y= gta.n .z,

£

and FEquation to CD is 'y- - %cob .2,

(ii) The sum of the squares of two conjugate semi-
diameters of an elligse s constant.

Let PCP’, DCD' be a pair of conjugate diameters.

Let P be (a cos ¢, b sin ¢) ; then D is {a cos (90°+¢),
b sin (90° + )} 4.e. (— a sin @, b cos ).

' .. CP%=a? cos’p+ b%sin’y,
OD? =qa? sin’p+ b? cos?e.
o CP2+4CD®=a2+b2=constant. -+ (2)

(i) The tangents at the ends of a pair of conjugate
diameters of an ellipse form a parallelogram.
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Tangents at P, D, P/, D are respectively
z Yo om z . A - —
a %8 o+ psine 1, g Bin @~ o8 @ 1,

z =-1 Z -¥
L ¢+bsm'l’ 1, asmtp bcos¢=1.

they form a parallelogram.

(1v) The area of the parallelogram formed by the
tangents at the ends of a pair of comjugaté diamtcrs of an
ellipse is constant.

Let EF, FG, GH, HE be the tangents at P, D, P/, D’.

Now, m's of CP, CD rebsmqp beosg
a cos ¢ —asmzp

par’. to EH, EF ;i.e. CPFD is a par™
.. par™ EFGH=4¢ par™. CPFD= SACPD.
8% 0 0 1 :4ab.

acos® bsing 1

Hence they are

—asing beosp 1
Thus, the area of the above parallelogram is equal to
that of the rectangle formed by the tangents at the ends of
the major and minor azxes of the ellipse..

(v) If p be the perpendicular on the tangent at P from
the centre of an ellipse, then

p.CD =ab.
Ei.?a.ngent at Pis fcos ¢+ g sin p—1=0,
. ab ab
A/cosq: gin"g Ja gin’p + bE coslp CD,
a* bt

Hence the result.

(vi) The product of the focal distances of a point on an
ellipse is equal to the square of the semi-diameter which is
conjugate to the diameter through the point.
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Let the point P be (a cos ¢, b sin ¢).

SP=qa~— ae cos ¢ [See Art. 9°5)
S’P=a+ae cos ¢.
SP.8'P=a? - a’e® cos’p
=g?~(a? - b?) cos’p
- a® sin®p + b® cos?¢
- chg
CD being the corresponding conjugate semi-diameter.
9'25. Equi-conjugate Diameters.

Def. When two conjugate diameters are equal, they
are called equi-conjugate diameters.‘

Let P, D be the extremities of two equi-conjugate
diameters. Then CPZ%=CD?.
. a® cos? g+ b® sin® p=a® sin? ¢+ b2 cos’e.

.. (a®-b?) cosp=(a® - b?) sin’p
: tan®@=1, or tan p= +1,
p=45° or 135°.

Equation to CP is y= 3, tan gz = +

I

o

Equation to CD isy = - Z cot .z = F P 2
L .ozt oyl

Their joint equation is il 0.

From (1) and (2), it is clear that the two equi-conjugate
diameters, CP, CD are equally inclined tn opposite senses to
the z.azis.

Length of each equi-conjugate diameter

=20P=2./a® cos® p+b2 sin? ¢
=2./4a?+4%, since cos® p=sin® p=4.
- VIR,
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9'26. Supplemental chords.

Det. The chords joining any point on an ellipse to
the extremities of a diameter are called supplemental chords.
[

To prove that supplamental chords are parallel to
conjugate diameters.

Let P be any point (a cos ¢, b sin g)-on the ellipse, and
let QCQ’ be a diameter, the eocentno angles of whose end-
points Q, @ are ¢4, ¥, + .

The equations to PQ, PQ’ are [by Art. 9'12]

T ¢+ o, 1/ 'P Prov_ P1
208 o + b‘ 5 cos © (1)

2
+o ta . ptoy+ g— Py —
Z os 2 tpg ——+%sxnu§-‘—£=oos¢ P17,

. z . 9+, ¥ ?te:i_ . 9@
- I 24 = oo
1.8, sin b} b cos B) sin 2 (2)

The ‘m’ of line (1) = - z cobq’—'%ﬂ.

?+o

The ‘m’ of line (2) = — tan 3

The product of m's = — b’/a .

Hence the lines PQ, PQ’ are parallel to conjugate
diameters.
9'27. Pair of tangents from a point. .
To find the equation of a pair of tangents from (wl_ s V1)
2o the ellipse.
Any line through (2, y1) is
7-y1=mz-z,), e @

- or Y =mz+ Yy ~ M.
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If it touches the ellipse, .
Y1 =mzy = Ja*m®*+b%,  [drt. 911]
*
or (yy —mz,)®=a?m? + b2, e 2
Now, eliminating m between (1) and (2), we get the
equation of the pair of tangents from (z,, y,), viz.
( _y=u, ) -t (L_ru.) +3?
=21 T = Ty !

or (2y2 —y21)® =a®(y — 9,*) + b*(z — 2,)%.

This when simplified can be put in the form
2
( +y3 1)(_‘ +1/1 1) (ml _,_m/: 1) .

9'28. Polar Equation.

(A) To find the polar equation of an ellipse, referred
to its cenire as pole and major axis as the initial line.

Putting z=7rcos 6, y=rsin 0 in the equation
wﬂ 2
o8 +2 i 1.
cos2f | sin%6
we geb r(; 96.; )-1

1 _cos?0  sin?6
r°" a? ' bZ
_ (B) To find the polar equation of an ellipse referred to
st focus as bolc and major axis as the initial line.

Let P(r, 0) be any point on the ellipse. Draw PM, PN
perps. to the directrix and major axis.

Join SP and let l=semi-latus rectum SL. Now

SL=e827,
r=SP=¢PM=eZN=e(ZS+ SN),
=¢(SZ + SP cos 8) =1+ er cos 0,

or
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or , r(1-ecos8)=1.

-———-l—-—. v
T“1-eccos6 @

If SZ be taken as the positive direction of theinitial
line and <ZSP =6, then the equation becomes.

l
“1+ecos 6

I

9'29. Important Geometrical properties.

» We give below a collection of a few important geometrical
properties which are of frequent occurrence. Some of these
have been established before and some in Art. 9°80. [Ilus-
trative Examples). -

Here 7, ¥’ denote the focal distances of a point P on the
ellipse, », 2’ denote the perps. from the foci' S, 8" upon the
tangent at P, po is the perp. from the centre upon the
tangent, CP, CD are two conjugate semi-diameters and a is
the angle between them, and ¢ is the angle between either
of the focal distances of P and the tangent at the point.
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Then,
r+r'=2a .o ore (1)
CP24CD*=a%+b? (2)
p.CD=ab e (8)
CP.CD sin a=ab (4)
rr' = SP.SP'=CD? ()
g‘g%, (6)
pp’—bz et aee (7)
sin ‘p-% --Ig:-%’. . .ee (8)

9'30. Illustrative Examples.

Ex. 1. The product of the
perpendiculars from the two
" foci of an ellipse on the tangent
at any point to it is equal to 1,
and the two focal distances of
the point moke cqual angles with
the tangent.

Let p be the porp. from the
focus S (ae, 0) upon the tan-
gent at (a cos ¢, b sin ¢),

1.e. upon z cos ¢+ % sin ¢—1=0.

p= ecos p—1 able cos ¢—1) 1
=e—t .
/\/cos P sin’e Watsin*p+5" cos’s @
a® b?

Similarly, if p' be the perp. from tho other focus S'(— ae, o), upon
the same tangent,
i . ab(—ecos ¢—1)
Jatsinig+ bt cos"¢ @)
. 1 a’h’(1—e? con®e)
PP T T in e+ 0% coa'e

13
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Now, a® sin?¢+b? cos’d=a’ sin’¢p+a*(1—6®) cos?s
=a®(1—e? cos?).
o pp'=b*.
Let SP=r, §'P=v,
then r=SP=qa—ez'=a(l—e cos ¢) v’ (3)
r'=8'P=a+ex'=a(l+e cos ¢). (4)
From (1), (2), (8), (4), it easily follows that
PP,
ror
.. LSPM=/S'PM
i.e. A'SPM, S'PM are similar.

Note. Let p, be the perp. from the centre on the tangent at P
and let ¢ (in the notation of Caloulus) denote eithor of the anglos
SPM, S'PM’, then we have

i _2 ' P"'P =2ra _ o,
sin ¢= ' or4r 2 a

This is an important relation.

Ex. 2. If p be the perpendicular from the centre of an cllipse upon
the tangent at any point P on it and r be the distance of I’ from the
centre, show that

23,93
a*+0*—1r? —(!'—I,L-
p

If ¥ be the semi-diameter conjugate to the semi-diameter r, we
have by Art. 9°24,

r*+r'%=a%+b?, e (1)
: and or'=ab. w (2
Eliminating r’ between (1) and (2), we get
r*+a%b'[p*=a’+b?,
or a®+b~—r? =a%"*[p".

This is called the pedal equation of the ellipse w. 7. . the centre.
Ex. 8. Ifp be the perpendicular from the focus ipon the tangent to
the ellipse at any point P and r be the distance of P from the focus, then

b“ 2a
P" L
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Tet 7, ¢’ be the focal distances of P and p, p' the perpendiculars
€from S, S' upon the tangent at P.

Then, we have r+r' =2 [Art. 9°5]
. and pp'=b*. [Ez.1.]
Also, 2= pr= bl B

r r 2a-r ])(20. 7)’

b _2%a-r_2a

o 7 =y L

This is called the pedal equation of the ellipse w. 7. ¢. to the focus.

Ex. 4. Show that a pair of cqui-conjugate diameters of an
ellipse, may be designaled either (i) as a pair of conjugate diamcters, the
sum of whose lengths i3 a maximum or (ii) as a pair of conjugate
diameters whose mutual inclination is ¢ minimum.

(i) Let %, v be the lengths of semi-conjugate diameters.
S wtr+v?=k* where k* =a® +b%,
So  (u+v)*=2(u*+v*) —(nv—2)=2k*~ (—v)*
=a maximum where (x—2)* is a minimum
i.e. when u=1, i.e. when the diameters are equi-conjugate.

(ii) Let @ be the inclination between two conjugate diameters
y=mz and y=m'z.

’ ’
. _m-m _ m—m'__m-—m',
. ktana= 1+mm' 1-b*/a* & e

m—m'=te® tan a.

oo (mtm') =(m—m')? +4mm' =e* tan®a—4b%/a?
=¢* tan? a—4(1—2?).
. e* tan’a—4(1—¢?) = 0.
. tanta = 4(1-c?)/et,
.. | tan a | attains the minimum value 2/1—¢*/¢* when
m+m'=0 i.e. m=—m'. But mm'=—0b*/a’.

. m=b/a. m'= —bla.

.*. the equations of the two conjugate diameters become
b
y==* Ezv

wwhich are nothing but the equi-conjugate diameters.
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Ex. 5. Show that the angla between the tangents drawn from
(zlp y]) to the ellipsa +'b7_]_ is

1/1‘ _
=tan"‘2abJ +b* 1 .

T, +y,*—a*—b*
We have seen in Art. 9°14, that the m'’s of the two tangonts drawn

from (z,, ¥,) are given by the roots of
(z,*—a’)m® =22,y m+y,2 =b*=0. - (1)

Let a be the angle between the tangents and let m,, 7, be the twe

roots of (1).
my—mg - (2)

Then, tan a= 1_+m,m,

Now, (m; —m,)* =(m, +my)* —4m,m,
= 4ot ot -b?

_‘( 2 _ -x)a "“_as
44z u _-(m 1—a®)(y,*—-b)}
(x.*—a%)®
=4b_’ 240y, ’ ‘—a’b’
(ml '_a)

arp (37 417 1)
=_T*‘T")‘:— .es vee (3)

~}3 9+ —a’—b’
1+m,m,=1+“—_z ;’,_a P (8)

Now, extracting the square root of (3), we get the value of m,~m,
and dividing this by (4), the reqd. result is obtained from (2).

Examples IX(B) .
*1, Find the middle point of the chord of z%/a®+ y2/b®
= ] intercepted on the line lz + my =1.
2. Fiund the locus of the middle point of the chords.
of an ellipse
(i) which pass through a fixed point (a, 8), [c. U.)
(ii) which subtend a right angle at the centre,
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(iii) which are normal to the ellipse,

(iv) the tangents at the end of which intersect
orthogonally.

. 3! Tangents are drawn from any point on the circle
22 +y%=a® to b2z% +a’y® =a%b* ; find tho locus of the
mid-point of the chord of contact.

, 4. Show that 4z—3y+4=0 and z+8y—-7=0 are
parallel to the conjugato diameters of 42 + 9y* = 36.

5. Show that 3z*+ Azy—4y®=0, (where 1 is a para-
meter) ropresonts a pair of conjugate dinmeters of 9z + 16y
=144 for all values of A.

6. Ii(zy, y1), (z2, ¥2) be the ends of conjugate diame-
ters of the ellipse z*/a” + y*/b* =1, then

() z122/0® +y,1y./5°=0;
and (ii) zo = +(a/b)y1, y2 = F(bia)z,.

7. I (z4,y,) and (22, ¥.) be the extremitics of a pair of
.conjugate diameters of the ellipse z*/a®+y*/b® =1, show
that T,y2 — T2y1 = +abd. [c. 0]

8. If tho pair of lines Az*+2Hzy+By*>=0 be

conjugate diameters of the ellipse z*/a®+y*/b*=1, then
a*4+b*B=0.

9, If the points of intersection of the ellipses z2/a®+
y2/b% =1 and x*/a®+ y%/B% =1 bo at the extremities of the
.«conjugate diameters of the former, prove that

a*/a® + /g% =2. [c. U]

©10. If the line t'liw +1§ y =n cuts the ellipse b%z® + a’y?®

-a“l;” at the ends of conjugate diameters, then I+ m?
=2n",

11. Show that the lines joining the centre of z*/a®+
+y?/b®* =1 to its points of intersection with the line
y=x+ Jia®*+0b?), are a pair of conjugate diameters of the
ellipse.



198 CO-ORDINATE GEOMETRY

12. Show that the equation of the line joining the
extremities of two conjugate diameters of the ellipse, the:
eccentric angle of one of which is ¢, is

Z-(cos @—sin @)+ g“(cos ¢+sin p)=1.

13. Prove that the chord, which joins the extremities-
of a pair of conjugate diameters of the ellipse, always.
touches a similar ellipse. ‘

» 14. If P, Q are the extremities of conjugate diameters
of an ellipse, find the locus of

(i) the middle point of PQ,

(ii) the foot of the perpendicular from the centre:
upon PQ, .

(iii) the point of intersection of tangents at P, Q.

15. Show that the polar of any point on a diameter of
the ellipse is parallel to its conjugate diameter.

16. Show that the major and minor axes are the only
pair of conjugate diameters which are perpendicular to each
other.

» 17. Prove that the lines joining the centro of an ellipse
to the points of intersection of any tangent to the ellipse

with its director circle, are conjugate diamecters of the
ellipse. [C. U. 1936]

; 18. For the ellipse 8z®+ 12y>=96, find a pair of
conjugate semi-diameters inclined at an angle tan™'7.

19. In an ellipse the tangents at the ends of its axes.
form a rectangle ; show that its diagonals are equi-conjugate-
diameters.

20. Prove that the product of two conjugate dlametets
is greatest when they are equi-conjugate.

« 21. Find the equation of the pair of tangents drawn
from (4, 2) to the ellipse 2>+ 2y®=4 and find the angle:
between them.
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22. TFind the equation of each of the tangents drawn
from the point (— 15, —7) to the ellipse 9z* + 252* = 225.

[c. U]
23’ Find the locus of the point of intersection of a
pair of tangents to the ellipse if
(i) tan 6, + tan 0, =k (constant),
(ii) cot 8, + ot 6, =2 (con.sta,nt),

where 6, 6, are the angles which the tangents make with
the major-axes.

24. A pair of common chords of the circle 2%+ 9
=a*~-b2% and the cllipse 2%/a® + y*/b* = 1 pass through the
common centre. Find its equation.

[ Use S+AS'=0 as representing a pair of common chords. ]

25. Iind the common tangents of the ellipses

2 2 2 2
x® g 9

'z+'l2=1, ‘?z"'”-}.=1-
a® b a® B

[Use the condition that lz+my-+n=0 should toucl both the ellipses ;
hence obtain proportional values of 1, m, n.]

26. Verify that the three conics
v 2
a,* b 77 ag®
will have a common tangent if
a,? b_l.z 1 '=0.
a2 b2 1

asz b32 1

y?®

4 > =
be®

2 2
T Y
1. — +Y =
] asé 1)82 1

27. Prove that the sum of the squares of the reciprocals
of two perpendicular diameters of an ellipse is constant.

[ Use Art. 928, equation (1) ]
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28. Show that the semi-latus-rectum of an ellipse is the
harmonic mean between the segments of any foeal chord.

[ Use Art. 9°28 equation (2) ]
¢

29. Show that the sum of the reciprocals of any two
perpendicular focal chords of an cllipse is constant.

30. If the square of the length of a diamoter of the
ellipse 42 + 36y* =144 be

(1) the arithmetic mean, (2) tho geometric mean,

or (3) the harmonic mean between the squares of the
lengths of the major and minor axes, find the
inclination of the diameter to the major axis in
each case.



CITAPTER X
HYPERBOLA

10'1. Definitions.

A Lyperbola is the locus of a point which moves so that
its distance from a fixed point bears a constant ratio, (greator
than unity), to its distance from a fixed line.

The fixed point is called the IFocus, the fixed line the
Directriz and the ratio is called the FEecentricity, usually
denoted by e ( > 1).

10'2. Standard Equation.

To find the equation to a hyperbola, given the focus,
directriz and eccentricily.

K

Let S be the focus, ZK the directrix and e (>1) ha the
eccentricity. From S draw S7 perp. to ZK and divide SZ
internally at 4 and externally at A’ in the ratioe: 1,
so that

S84 _8sA’
AZ A'Z
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Let C be the mid-point of 44’. Draw CY perp. to 44°.
Take C as orlgm and C4X, CY as z- mns and y-axis respec-
tively Let AA’=2a ; then CA=CA’=a, we have

_84_ 84’ _CS-C4 _CS+ c4’ P
T4z A7 cA-CzTCAxCz

_CS8S-a _CS+a
Ta- 07 a+CZ
_2CS_ 2
2a 204
CS_=ae. - (1)
CZ=ale. e (2)

focus is (ae, o) and directrix is z —ale=0.

Let (z, ) be the co-ordinates of any point P on the
hyperbola. Draw PN perp. to AA" and P3 perp. to the
directrix. From the definition

SP=ePM,
or SP?=¢2PM3,
or (z—ae)?+y?=c%(z— ale)?,
ie. x2(e?-1)-y2=a%(?-1),
ic. "C”'; ,(i’ =L @
Sipce here e > 1, a%(e? — 1) is positive. So we can set
b2maZ(e? ~1) (4)
where b is a certain real positive constant.

(3) becomes

- :, 1, e (8)

which is the standard equation of the hyperbola.

Note 1. If we take & point B’ on the negative side of the origin
such that CS'=CS=ae and another point Z’, such that CZ'=CZ=ale
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and draw Z'K' perp. to 44', PM’' perp. to Z'K’, then it can be easily
shown from the equation (5), that the relation S'P?=¢*PM'? is
satisfied and hence S’ is the sccond focus, and Z'K’, is the second
diroct.n'a:. Thus the hyperbola has a second focus and a second directriz.

Note 2. The points 4, 4’ are called the Vertices of the hyperbola,
C, its Centre ; the lino ACA' is called the Transverse Azis, and the
line BE' is called the Conjugate Axis, where B and B’ are the points
on the y-axis such that CB=CB'=b. It should be noted, as is clear
from the figure, that the conjugalc axis =0 meets the hyperbola.
z%/a® —¢?/b*=1 in imaginary points namely y= +ib,

It should also be noted that in the hyperbola a may be > or < b.

Note 3. Peculiarities of the curve.

(i) As we have seen in the case of the ellipse, here also the curve is
symmetrical about the origin, (which is therefore called centre), and:
also symmetrical about either axis.

9
(ii) Since * =Z., (xz* —a?), it follows that for any value of z lying

between 4-a and —a, y is imaginary, but for other values of z outside
these limits, 7 is real. This shows that no part of the curve can lie
between the lines x= +a.

k]
(iii) Since w"=:; (y* +b?), it follows that for all real values of

y however great, positive or negative, x has a real value. This shows
that the curve will consist of two symmnelrical hranches, each extending
o infinily in two directions, as shown in the figure.

(iv) Transforming equation (5) to polar co-ordinates,

we have
1 cos®@ sin?f cos?d (b
T gt T h b (aa—tﬂn°9)- .o (1)

So long as tan®0 < b*[a?, equation (1) gives two equal opposite
values of 7 corresponding to any valuec of . But when tan?@ > b*[a?
i.e. when tan 6 does not lic between —b/a and b/a, r* is negative and
hence r is imaginary. This shows that the lLyperbola lies entirely
between the two lines drawn from the centre, making angles tan™* bfa
with the transverse axis.
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Note 4. With refcrence to the above equation of a hyperbola the
following results should be noted :
(i) Co-ordinates of the centre (0, 0)
(ii) Co-ordinates of the focus : (+ae, o).
(iii) Equation of Transverse axis : y=0.
(iv) FEquation of Conjugate axis ; z=0.
(v) Equation of Directrices : z= +afe.

3. 2_8%+b% (conj. axis )"_
(vi) .Eccentrieity e 2 1+ fransv. axis

2
(vii) Latus rectum-2—:~

(viii) Length of transverse axis = 2a.
(ix) Length of conjugate axis=2b.

10'3. General Equation.

To find the equation of a hyperbola whose focus is (a, B),
whose directriz lx +my+n=0 and eccentricity is e (>1).
Let P(z, ) be any point on the hyperbola, S bo the
focus, and PM be the perp. on the directrix.
C. SP=¢PMM,
or SP%=e2PM2.

2
;L (o) +(y - g = er, G mte),

This is the reqd. eq™.
10'4. Latus rectum,

The Latus rectum is the chord through either focus perp.
to the transverse axis.

Let LSL' be a latus rectum and let the co-grdinates of
L be (ae, 1) so that SL=1.

. 2,2 l2 12 . bz
oS b e
4 2
. l’—zr . l-l:“l"

2 2
Latus rectum = —!;— .
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10'5. Focal Distances of a point.
Let (x4, #1) be the co-ordinates of P.
Then SP=e¢PM=eN/=e(CN-CZ)=ezx,—a,
¢ S'P=¢PM' =¢NZ =e(CN+CZ)=cz, +a.
S'P-SP=(¢z, +a)~(ex, —a)=2a.
Hence the difference of the focal distances of any point on:
the hyperbola is constant and is equal to the transverse axis.

10°6. Parametric representation.

Plainly X=a se¢c ¢
y=Db tan ¢
satisfly the equation of the hyperbola whatever be the value

of . Theso may therefore be taken as the co-ordinates of
any point on the hyperbola, ¢ heing the parameter.

Also x=a cosh ¢
y=bsinh ¢

may be tuken as the eo-ordinates of any point on the hyper-
bola, sinco they satisfy the cquation of the hyperbola.

10'7. Corresponding Formulz.

Many of the results obtained in connection with the
ellipse in the previous chaptor hold true for the hyperbola
merely by putting — b? for b% in the corresponding results
of the ellipse. They ean be established exactly in the same
way as in the case of the cllipse.

For example,
the condition that y =mz + ¢ shall toueh the hyperbola is.
c=+ Ja?m?®-102,
the equation of the tangent at (x4, 1) is

Ty YU =
ARE AL
a2 b2 ’ .

the equation of the director !circle is z% +y%=a® = b2..
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As in the case of the ellipse, the auxiliary circle is the
circle described upon the transverse axis as diameter and
thence its equation is 22 +y?=al.

10'8. An Important Lemma. r

If a, B be the roots of the quadratic in z,
viz. az®+bzx+c=0, - (1)

the quadratic in y (obtained by writing 1/y for z)
viz. a,;7+b% +¢=0, .. cy’+by+a=0 - (2)
-will have for its roots 1/a, 1/8.

Manifestly (2) will have one zero root if @=0 and two
zero roots if a=0 and b=0, So (1) will have one infinite
root if a=0 and two infinite roots if a=5b=0. In the
latter case (when a=b=0) the condition for equal roots
is automatically fulfilled.

In other words when the coefficients of the second and
linear powers in a quadratic equation vanish, so that the
.equation assumes the symbolic form

0.z2 + 0.z + const. =0,

the two roots are equal, their common value being .

10°9. Asymptotes.

An Asympiote of a curve is a straight line which meets
it in §wo points at infinity but which is not altogether at
infinity.

To find the asymplotes of the hyperbola
wz ,”2
a "yl
The line y=mz+c - (1) meets the hyperbola
An points whose abscisse are given by
2 _(moto?,
aé b Ty

4. by (b2 -a’m?)z? —2amer - a(c® +52) =0, -+ (2)
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If (1) be an asymptote of the curve, both the roots of (2)
will be infinite, which requires that
b2 -a’m?=0, 2a2me=0.
H%nce m= +bla, c=0.

the equations of the asymptotes aro

) y.- i la'—’ X oo ves (3)
or (written as one equation)
x2 .vz

a-—i‘--l;-zco. “ee see (4)

Cor. 1. From the ahove equations of the asymptotes, it
is clear that they pass througl the centre of the curve and
the axes of the conic are the angle-bisectors of the
asymplotes.

Cor. 2. If in the ahove result, m = +b/a but ¢70, then
the lines y= % 2 z + ¢ will cut the hyperbola in one point

at infinity and they are parallel to the asymptotes.

10'10. Asymptotes by Inspection.
If the equation of a hyperbola can be put in the form

(@rz+bry+e)asz+bay+ce)—k=0 - (1)
where k is a constant, then each of the lines

a1$+ b1y+01 =0
and a2z + bay+ca =0 is an asymptole.

For take the line aiz+biy+¢,=0,
= _‘9_1 ~C1,
or ¥ 5% b, (@)

If we eliminate y between (1) and (2), to obtain the
abscisse of their common points of intersection, it is
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obvious from the form of the equation (1) that the quadratic
in z, giving the absciss®, would at once reduce to the form

022 +02-k=0 . )
since the first (product) term of (1) would be zero.

Hence (1, ¥1), (2, y2) being the points of intersection
of (1) and (2).

X1 =TLy= o ,
and since Y1 =mz, +¢, Y2 =m2s +c,
Y1 =Y = .
a1z + b1y + ¢4 =0 is an asymptote.
Similarly, @y +bsy+cs =0 is also an asymptote.
Cor. 1. Thus, whenever the equation of a conic is of
the form

LM = constant,
where L, M are linear functions, the two asymptotes of the
conic are

L=0and M=0.

Conversely, the equation of any hyperbola having for its
asymptotes L=0, M=0, can be written as

LM=kE,
where k is a variable parameter.

From above it is clear that the Joint equation of the
asymptotes differs from that of the hyperbola by a constant.

10'11. Conjugate Hyperbola.

A hyperbola S' whose fransverse axis is BB’ (=23b)
and conjugate axis is 44’ (=2a)is a called a Conmjugate
Hyperbola. It is conjugate to

2

2
s=5,-23-1~0. e (1)
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Its equation referred to the same set of axes is

or §"b~,-—1. (2)

Woe easily see that the equation of 8’ differs from that
of S in having —a? for a® and —b? for b2,

(1) If e be the acce;@t’ricit'y of the conjugate hyperbola

(2) A4 hyperbola and its conjugate have the same centre
and the same asymptotes.

(3) Foci of the conic are (0, * ae).
(4) Directrices of the conic axre y= xale.

Note 1. Peculiarities of the curve.

From the equation of 8', it can be shown as in the case of S
(Art. 102, Cor. 8) that no part of S' can lie between the lines
y=+b, the curve consists of two symmetrical branches, each
extending to infinity in two directions and it lies entirely in two
sections formed by the asymptotes in which S does not lie.

Note 2. A hyperbola and its conjugalc cannot intersect in real
points, as their equalions are algebraically inconsistent.

10°'12. Conjugate Diameters.

K " (i) If a pair of diameters be comjugate with respect to
a hyperbola, they will also be conjugate with respect to its
conjugate hyperbola.

The lines y =mz and y =m'z are conjugate w. 7.l the
hyperbola 8 if mm’=b%/a* (Art. 10'11). Now the condition
that the above two diameters will be conjugate w. 7. ¢. S is
mm’ = —b*/—a®=>b*a?, which is the same as before.
Hence the result

14



210 CO-ORDINATE GEOMETRY

(i) If a pair of diameters be conjugate w.r.t. a
hyperbola, one of them meets the hyperbola in two real points
and the other meets the hyperbola in two imaginary points
and the conjugate hyperbola in real points.

Let y=maz and y =m'z be the diameters ; then

mm’ = b%/a®.
Suppose | m| < bja, then | m'| >bla.
These two diameters meet the hyperbola S in points

whose absciss® are given respectively by
1 m? 1 m'?
2 E—z_—b_z =1 and za(ag— b2 )=1.

The first equation gives real values of £ and the second
equation gives imaginary values of z.

Similarly, the abscissse of the points of intersection of
the above two lines with the conjugate hyperbola S are
given by

1 m? 1 m'?
.’B!(‘iﬁ _—l-)i)- -1 and wz(zg* Bz—)ﬂ -1.

In the first case the roots are imaginary and in the
second case the roots are real.

Hence the theorem.
Note 1. It should be noted that when we speak of (PP, DD') as
a pait of conjugate diameters of the hyperbola S, we mean in reality
that one of them is a chord of S and that the other (i e. the conjugate
line) is a chord of the conjugate hyperbola S'.

(iii) If a pair of comjugats diameters meet the hyperbola
and its conjugate in P and D, then
CP%—-CD%=gqg? - b2,

Let P (a sec @, b tan ¢) be any point on the hyperbola

2 2
z—z—-’;—ﬁl. T v (1)
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Equation of the diameter CP is
btand _ b .
3500 9% oS P T . (2)

eqza.tion of the diameter CD, conjugate to CP is

b . . ’ L ]
V=, sin q)"z ... (8) [*.* mm' =b*/a%]
Line (3) meets the conjugate hyperbola
mﬁ y2
22 " oF =-1, ... vee (4)

in points given by
. x? 2 Ve _
(1 St 1, d.e. t (1 -cosec®q) 1.

Heonce, z= +a tan g, y= +b scc @.
.". D is the point (+a tan ¢, +b sec @).
CP?% =a%sec?p+ b? tanly,
CD? =a%tan®p + bZsec?p.
CP? - CD?*=(a? - b?)(sec’p - tan’p) =a? - b2,
Cor. Thus, we soe that if the points P, P of a
diameter of the hyperbola are (a sec ¢, b tan @), ( —asec @,
- b tan @) then the end points D, D’ (lying on the conjugate

hyperbola) of the conjugate diameter will be (a tan @,
bsec®), (—a tan ¢, ~bsoc ¢). All the four points are

real.
Note 2. Let D,, D, be the points (imaginary) where the conjugate

diameter CD meets the hoperbola. Then I),, D, are (iatan ¢,
b sec ¢), (—ia tan ¢, —ib sec @).
Now, CP®=a? sec® ¢+b® tan’s.
CD,*= —a® tan’¢—b? sec’¢.
. CP*+(CD,*=(a®—b*)(sec®¢p —tan’p)
=q*-b%
(iv) If CP, CD be two conjugate semi-diameters of the

hyperbola of which S and S’ are the foci
then SP, 8'P=CD%.
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Let P be the point (a sec @, b tan @),
.". by Art. 10°6, SP=ex, ~a=¢.a sec ¢—a,
S'P=¢x; +a=ca sec ¢+ a.
SP S'P=a?(e sec 9 - 1)(e sec p+1) *
=0g2(e?sec® p—1)
= (a® + b?) sec®p —a?®
=qa?tan?p + b?sec’yp
= CD%.

(v) If a pair of comjugate diameters meet the hyperbola
in P, P’ and its conjugate in D, D', then the tangents at
P, P, D., D’ form a parallelogram whose vertices lie on the
asymptotes and whose area is constant and equal to 4ab.

The tangents at Pla sec ¢, b tan @) and Dla tan @,
b sec @) to the hyperbola and its conjugate are respectively

z _¥ -
250 @ bta,n =1 , - @
E tan @ —- g sec = —1. .. (2)

Lines (1) and (2) are obviously parallel to CD and CP.
For the point of intersection of (1) and (2) we add their
equations, and get

z_Y, . 0
a b'z.e.y aa;.

.

i.e. the point of intersection of the tangents at P and
D, (say E) lies on the asymptote

y =(b/a)z.
Similarly, tangents at D and P’ meet at F on the
asymptote y=(-bla)z,
tangents at P’ and D’ meet at @ on the asymptote
. ' y=(bla)z,
tangents at D’ and P meet at H on the asymptote
y=(=-b/a)z.



HYPERBOLA 218

Now the four tangents at P, P, D, D’ form the par™.
EPGH,

which is obviously =4 par™. CPED
¢ =8 ACPD
=8x% 0 0 1
asecp btang 1

atang bsecp 1
=4ab.

10'13. Relation connecting equations of a hyperbola,
its asymptotes and its conjugate.

The equ&tlons of the hyperbola S, its asymptotes 4, and
its conjugate S’ are

22 gt
S=F -li'g—l"o,
—.mz 4
4=53~a=0.
@ 2

Since the terms 3? - Z—z common fto these equations

will, for any change of origin and axes, change into terms
which will be the same for all three, the above three
equations will always be connected by the relation

-4A=4-8,
ie. S+8' =24,
10'14. Rectangular (or Equilateral) Hyperbola
Def. A Rectangular Hyperbola is defined as a hyper-
bola whose asymptotes are perpendicular to ea.ch other.

2
The asymptotes of the hyperbola. gj-l being
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y= =+ sa:, they will be perp. to each other if g x (— -2
2
=1, e it =1 ie i ot =0, ieifamb.

[
The equation of the rectangular hyperbola referred to its
azxes as axes of co-ordinates is therefore

x?=y?=a? .. (@)
and that of its conjugate is

22 -y%=—a? .. (2
The asymplotes are

y=*x. ... ..

Thus, the asymplotes are the angle-bisectors of the axes ;
and conversely, the axes also are the angle-bisectors of the

asympiotes.
2 + 2
Since, e?=2 azb =9 when a=>5,

the eccentricity of every rectangular hyperbola is
e= /2.
Since the equation of the Director circle is
2®+y?=a%-b2=0 when a=>,

the Director circle of a rectangular hyperbola is a poini
eircle.

The diameters y=mz, y=m'z will be conjugate w. r. t.
the rectangular hyperbola if

mm'=3?/b* =1, i.e. if m'=1/m. _

Hence the lines y=mz, y= %n:c are a pair of conjugate
diameters.

- Det. An Equilateral Hyperbola is defined as a hyper-
bola in which the transverse axis is equal to the conjugate
axis (i.e. a=b). Hence every equilateral hyperbola is a
rectangular hyperbola and conversely.
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10'15. Rectangular Hyperbola referred to its
asymptotes as axes of co-ordinates.

The equation of the hyperbola referred to its axes as
axes Qf co-ordinates is

z?-yt=al .. . @
Keeping the origin fixed, turn the axes of co-ordinates
through an angle of —45° ; then wo have to substitute

z cos 45°+ y sin 45°, i.e. \/— Y for z

—z sin 45°+ g cos 45°, i.e. y,;‘.;r for y
in the equation (1).

Thus, equation (1) transforms into

IR

or zy=3al.
which can be written as
xy =c?
where ¢ =3a2.
This is the required equation.
Note. The conjugate hyperbola will obviously have the equation

zy=c?, if the same substitutions are made for x, y in the equation
-a®,

10°'16. Hyperbola referred to its asymptotes as axes
of co-ordinates.

Let (z, y) be the co-ordinates of any point P on the
hyperbola
2?2 o°
Py "%@ 1 .o . (1)

w. 7, t. its axes as axes of co-ordinates.
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Let (z',%) be the co-ordinates of P w.r. ¢ its
asymptotes CX’, CY’ as axes of reference, 2a being ‘the
angle between them.

Y

xl
Draw PM parallel to CY’ meeting CX’in M. Then _
z'=CM, y' =PM.

Since the asymptote CY’ is inclined at an angle of
tan~'b/a with the transverse axes,

a=tan"?! b/a, .. tan a=b/a.

b a
e o 08 e e
Draw PN, MK perp. to CX and through M draw MN’
parallel to CX to meet PN produced at N'.
Then, z=CN, y=PN.
2=CN=CK + EN =CK+ MN' =CM cos a+ MP cos a,
=(z’+9') cos a=(z'+ y")v:;%""-b", )
y=PN=PN - NN =PN' - MK=MP sin a— QM sin a
=’ -2 sin a=0' -2 )y
Since (z', y’) satisfy the equation (1),
o @Y= -2 =a® + 07,
or 'y =1(a® + ).
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Hence the required equation is
zy=1a®+b?) (1)
or xy = c2 (9
where c?=%(a®+b2).

Note 1. The equation of the conjugate hyperbola when referred to
the asymptotes as axes of reference can be fouhd similarly as before to
be ay=—c?. (8)

Noto 2. It should be noted that although this form of the equation
is the same as that obtained in the previous article, here the azes of
reference are oblique, but there they are rectangular.

10'17. On the Hyperbola xy =¢2.
(i) The chord joining two points (x4, ¥1), (xs, ¥2)-
The equation of the chord is

— Y1 =Yoo
Y=v1 wl—zz(w 1). (1)

Since the points lie on zy=c?,
Z1y1=c®, Tays=c’. - (2

Y1—ys ey =cPlzy _ _ c°

Rl .

L1~ T2 Ty — %2 T1T2

.. (1) becomes
<
Yy=yL=-— wlzz(x z). 3

(ii) Tangent at (x4, ¥1).

Putting 2=z, in (3), we find the equation of the
tangent’ at (z;, ¥1) to be

2
Y=y = —f—a(m-w:)= -L(z-g,) by (2
1 Ty .
or yz1 + 2y = 2T191,
or Zilog -

Xy Y4
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The above results are true whether the hyperbola is
rectangular or not.

10'18. Parametric representation of xy=c2.
Since x=ct

-2
=%

satisfy the equation zy=c?, whatever be the value of ¢,
they can be taken to represent the co-ordinates of any

point on the hyperbola zy=c?, rectangular or otherwise
t being the variable parameter.

As in the previous article,
() the chord joining the points ‘t,’ ‘ts’ is
@+ ytits =clty + 1)
(ii) the tangent at ‘v’ is
z/t+ yt=2c.

10'15. Ilustrative Examples.
. Ex.1. Findthe asymplotes of the curve
: 2z +5xy+2y* +4x+5y=0. [C. U. 1935, '40)

Since the joint equation of the asymptotes differs from the
equation of the hyperbola by a constant, the equation of the asymptotes
will be

» 22 + by +2y* +4x+b5y+A=0.

Since it would represent a pair of lines, hence by using the well-
known criterion for a pair of lines, we have
2,22 +2.£.2. $-241-2.4~\31 =0,
or =3 Lo A=2, .
.*. the equation of the asymptotes is
22 4+ 5zy +2y* + 42+ 5y +2=0, (1)

or 2% + z(5y+4)+2y* + 5y+2=0,

Solving it a8 & quadratic in z, we have

,-"_52_:331!,
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or c+2y+1=0, 2z+y+2=0,

which are the separate equations of the aspmptotes.

Ex. 2. The area of a triangle cut off from the asymptotes by a tangent
to thg hyperbola is constant. [C. U. 1930, '34, 38, '44]

Let the hyperbola be zy=c?, the asymptotes boing the axes of
reference and let 2a be the angle between the asymptotes. Then
tan a=b/a.

Tangent at any poins P(z,, ¥,) is

xL Y =9, [4rt. 10°17]
Ty Y

Suppose the tangent intersects the asymptote CX in D and CY in
E. Then D is (2z,, o) E is (o, 2,) i.e. CD=2z,, CE=2y,.
.. ACDE=% CD.CE sin DCE=%. 22,2y, . sin 2a
=2¢* sin 2a [*.* (z,, ,) lie on the conic zy=c?],
=constant.
The actual value of the area can be obtained by substituting the
values of c*=3}a®+b?%),
2tane _ 2b/a _ 2ab
l1+tan*a 1+4b%/a® a*+D?

'+ ACDE=2i(a"+ b’)'.‘,'naff;;‘u =ab.

and sin 2a=

Ex. 8. The portion of the tangent at any point of a hyperbola
intercepted between the axes is bisicted at the point of contact.
[C. U. 1982]

Proceeding as in Ex. 2, we have D(2x,, 0) and E (o, 2y,). Hence
the mid-point of DE is (z,, ¥,)—which is P.

Hence the result.

Examples X
1.” Find the equation to the hyperbola,
(i) whose focus is (2, 2), eccentricity 2 and directrix
zty=9,

(ii) whose focus is (1, -8), eccentricity N5 and
directrix 8z —4y=10.
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2. Find the locus of a point which moves so that the
difference of its distances from the points (+ 5, 0) is 6.

8. Bhow that the locus of the centre of a circle which
touches two given circles externally is a hyperbola. R
4. Show that
(z—-a)? (y ﬁ)’

—a
a
represents a hyperbola, whose centre is (a, ).

Find its eccentricity and latus rectum.
[ Transfer the origin to (a, B). ]

5. Find the equation of the hyperbola whose foci are
(4, 9) a.nd? 8, 2) and eccentricity is 2.

6. For the hyperbola 16z® —9y? = 144, find the equation
to the diameter which is conjugate to the diameter z=2y.
[C. U. 1940, *48]

7. Prove that the lines z/a+y/b=2 and z/a—y/b=1/A
where 4 is a variable parameter always intersect on a
hyperbola.

8. Show that

- loe 2 vm -3

where { is a variable parameter, represents a hyperbola.

9. If 2a be the angle between the asymﬁtotes which
enclose the hyperbola, then e=sec a.

10. Show that the distance of a focus from an asymptote
of a hyperbola is equal to the semi-conjugate axes.

11. Show that the product of the perpendicular distances
of any point of a hyperbola from the asymptotes is
constant.

12, Show that the pair of tangents drawn from the
centre of a hyperbola are its asymptotes.
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13. TFind the asymptotes of the following hyperbolas
(i) 22 -y2+3z-Ty—38=0.
o (ii) 102® = 18zy — 8y* — 42+ 23y - b=0.
(iii) azy+ bz +cy+d=0.
14. Find the equation of a hyperbola whose asymptotes

are 2z—y—3=0 and 3z+y-7=0 and which passes
through (1, 1). . M. U}

15. The asymptotes of a hyperboln. are parallel to
2¢+8y=0and 3z+2y=0, Its eentre is at (1, 2) and it
passes through (5, 3). Find its equation. (aM. T}

[ Asymptotes pass through the centre. ]
16. Find the centre of the hyperhola
2% + Y% - 3xy -5z +4y+6=0.
17 Find the equation of the axes of hyperbola
6z2 - Tzy -3y =
[ Axes are the angle-bisectors of the asymptotes. ]

18. Prove that the polar of any point on an asymptote
of a hyperbola is parallel to it.

19. Show that the asymptotes of a hyperbola meet the
directrides on the auxiliary circle.

20. Prove that the directrix is the polar of the corres-
ponding focus of a hyperbola. '

21. Prove that the line joining the poles of two pa.ra.llél
chords of a hyperbola is a diameter of it.

22., If e, and e; be the eccentricities of a hyperbola and
its conjugate, show that

-[C. U. 1987, '41, '43)

23." Show that the circle described on the line joining the
foci of the hyperbola z*/a* —y?/b® =1 as a diameter passes
through the foci of its conjugate. .
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24. Prove that a chord of a hyperbola which touches
the conjugate hyperbola is bisectéd at the point of contact,
[C. U. 1932, ’43]
25. Ifr, and ro be two co-directional semi-diamseters
of a hyperbola and its conjugate, then 7,2 + 7,2 =0.

26. If two hyperbolas are conjugate to each other,
prove that the polar of a point on one w. 7. ¢. the other
touches the former. .

27. If a pair of conjugate diameters meet the hyperbola

and its conjugate respectively in P and D, prove that PD is
parallel to one of the asymptotes and is bisected by the
other.

28. Find the hyperbolas, conjugate to the following
hyperbolas :

() 22 -y2+3z-Ty—-3=0.
(i) 1022 - 13zy - 3y% —4x+ 23y - 6=0.
29. In a rectangular hyperbola show that

(i) SP. S'P=CP2.
(ii) cP=CD, where CP, CD are two conjugate semi-
diameters.

80. Find the co-ordinates of the vertices, and foei and
the eq;mtion of the directrices of the rectangular hyperbola
xy=c°.

81. Any two conjugate diameters of a rectangular
hyperbola are equally inclined to the asymptotes.

82. A series of rectangular hyperbolas have the same
asymptotes ; show that if two lines form a pair of conjugate

diameters w. 7. t. one of them, they are so w. r. ¢. each of
them. [C. U."1942]

83. If the normal to the rectangular hyperbola zy=c?
ab ‘ty’ meets the curve again at ‘¢s’, then
t1%s=-1 [C. T. 1945]

- 84. There are.four points on a rectangular hyperbola.
If the chord joining one pair is perpendicular to the chord
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joining the other pair, then the same must be true for other
pair of chords.

85. Show that 2z%+ 3zy—2y%—5x+5y=0 represents
a redtangular hyperbola. Find its centre and axes.

36. Find the area of the triangle formed by the two
asymptotes of the rectangular hyperbola zy=c® and the
normal at the point (', ') on the hyperbola. [C. U. 1941]

37. Show that perpendicular focal chords of a
rectangular hyperbola are equal in length.

88. If a line intersects a hyperbola at point P and P’
and its asymptotes in @ and @', show that PQ=P'Q’.
[C. U. 1939, 42]
[ Use the equation xy=c?* ]
39. Prove that the locus of the middle point of the
portion (intercepted between two given lines), of a straight

line which passes through a fixed point is a hyperbola whose
asymptotes are parallel to the given lines. [C. U. 1936]

[ Take the two given lines as axes of reference (oblique) ]

40. Find tho common tangents of the hyperbolas

() 222 -3y%=6, 1lz?-4y®=44.
(i) b%z% - a’y® =a?b?, b2y® —alx® =a%bl.
41. If the polar of a point (e, ) w. r. &. the parabola

y? =4az touches the circle z* + y* =442, prove that (a, B)
lies on the rectangular hyperhola 22 — 4% =4a2. [C. U. 1933]

42. Find the locus of the poles of tangents to the
a.uxilia,ry circle of the hyperbola

z%/a? — y%/b% =1 w. 7. t. the hyperbola.
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Equation of the ellipse referred to a pair o conjugate diameters
as axes of reference.
Let the equation of the ellipse (in the general form) be
az® +2hay + by? + gz +9fy+¢=0. ... (1)
Since the conjugate diameters are the axesof co-ordma.tes,

every chord parallel to the z-axis is bisected by the y-axis.
Hence if we put y ="m in (1), the resulting equation

az® + 2z(hm+g)+bm? +8fm+c=0 ... (9)

has two roots equal in magnitude but opposite in sign.

. hm+g=0. .. (3)
Since this is true for all values of m, .
h=0,¢g=0.
Hence equation (1) reduces to
ax?+by® + ofy +¢c=0. e (4)

Again any chord pa.ra.llel to y-axis is bisected by z-axis,
Hence if we put £ =n in (4), the resulting equation

2 +fy+ante=0

has two roots equal in magnitude but opposite in sign.

. s f=0,
Thus the equation (1) reduces to
az® +by®+¢=0 .
or —gw -Qy =1, R ()]

Let a’, b’ be the lengths of the semi-conjugate dm.meters
along the axes of # and y. Putting y=0 and 2=0 succes-
sively in (5), we get L.

a__1 b _ 1.

-—— .
¢ b*
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S. the reqd. equation is
ﬁ’ 2
R

Cor. When the axes are equi-conjugate diameters, each
of length @', the .equation of the ellipse is z3+y*=a’2,
which although of the form of the equation of a circle, does
not represent a cirale as here the axes are oblique.

lll.

Note. Exactly in the same way the equation of the hyperbola
referred to its conjugate diameters as axes can be obtained.

Altemaiifve Method. )

Let CP, CD be o pair of conjugate diameters and let QVR be any
chord parallel to CD, meeting CP in V; then V is the mid-point of
QR.

- Let a, B8, ¢ be the eccentric angles of @, R, P.
Co-ordinates of V are
% =3alcos a+cos B)=aq cos §(a+p) cos }(z—g),
y=3b(sin a +sin B)=b sin ¥(a+B) cos §(a—B).
Since ¥ lies on CP, it follows that ¢=3(a+8).
‘. co-ordinates of Pare a cos §(a+p), b sin §(a+8)
” »w D, —asin §(a+p), b cos Fa+p).
Now, CV*={a®cos* ¥(a+8)+b%in* }(a+B)}cos*}(a—pB)
. =CP* cos* }(a—B).
_ Again, QV*=3QR*=} [a*(cos a—cos B)" +b*(sin a—sin §)’]
={a” sin’}(a+B)+b* cos®}(a + 8)} sin?4(a — )
=CD? sin*§(a—B8).
ovt Qv _
' CP* ' OD*

Now, if CP, CD be taken as axes of co-ordinates (oblique) and
! CP=a/, CD=b'and z, y be the co-ordinates of any point Q on the
ellipse w. r. t. these axes, then we have

.+b,i-1.

1

o

15 -






ANSWERS

Examples I

1. () a*(b—c)+b%(c—a)+c*a—b). (i) 0. (i) 0.  (iv) O.
2. (i) a®+b®+c*—8abc=0.

(ii) |a, b, ¢=0. 3. (i) (z, v, 1|=0. (iv)jz ¢ 1j=0.
a, b, c, z, Y, 1 z Y 1'
a, b, c, Ty Yy 1 a b O
4. (i) 8. (ii) o.

Examples 11
2. (4,5) ;5. 4. (i) a®+82=a'? +82. (ii) aa’'+88'=0.
(a —ab+2h a® +3ab— w) (al ~8ab—2b" a_‘i-_a_b-_l-_ﬁ_b_’).
a+b a+b a—1b a—b
9. (ii) (10, 4). 12, (i) 2. (ii) a(d®—c?®)+b(c? —a’)+c(a’—b“)
(iii) 2ad sin ¥(¢,—¢,) sin 3(¢; - ¢,) sin 3(¢, —¢,).

(iv) 3c™(t, —t,)(Es — 8, )ty —8s) =2, 8,ts. 16. 0.
20. (i) 204. (ii) 8. 22. (i) {4/3. (i) §a/3.0%.
28. (a) (i) r=2acos 6. (ii) 4 cos 6+ B sin 6+C/[r=0,
(iii) 6=a. (iv) r=a. (b) (i) 2*+y*=a®. (ii) z*+y* =2az.
(iti) A2+ By=*F. (iv) (z*+y*)*=a(z®~9?).
(v) zy=a’. (vi) y*+4az=4a’,

(Vii) z'—Szy'+3m’y—y'=5kxy,
24. (i) 2® +y*=a’. (ii) y* =4az. (iii) 82°+4y® —16z—16y+32=0.
(iv) ay=c*. (v) r*—2rr, cos(0—0,)+r,*=a’.

Examples III(A)
1. (i) E cos #(a+B)+y sin ¥(a+pB)=a cos 3(a—B).
(ii) y(¢, +2,)—20=2at, t,.

030 U gy Dty Smb,

(iii) -2 cos

4. (i) i (ii) 0.
7.4) Z; (w—z’)-%:’ w=y). (i) (0 +N)~y@'+9)+gy - fo' =0,
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8. () {in.' a2 l)} (i) faceeBie8) poin i(¢+¢)}

m, cos §(¢— ')’ "cos § ($—¢)
12. (i) 11z—2y—-9=0. 18. 9z—y—8=0.
14. (i) 119z+102y=125. (ii) 8y="Tz+9. (iii) z+y—9=0.
18. (ii) k=5 ; (-2, 8). 23, bc+catab. )

’ ' an'(b—-b") bb(a—a')
B, (o, ), (o', 1), {- 77 D7 0), BHA=0 0.
29. 5z+69y—28=0. 87x+29y ~112=0.

81. 8z+y=8; z—3y=6. 82. (a) (i) (2%, &).
(i) {’“' R s | ®) (8
33. (i) 3. (ii) 3les —cy)*+(my—m,).

@) 3 {(c.,—c,) +(c,—c.)’+(c.—c,)’}'

—-my my—m, m,—m,

Examples I1I(B)
1. (% 1). 5. 1. 7. (0,0). 10. 2az+2by+c+c' =0.

1. 8. 12, (392 18. 8z+y—8=0. !
15. Tx—4y+16=0, 8z+14y+9=0. 16. z+y=0,z—y=0.

18. 2z+y—8=0, z+3y—4=0, x—y=0. 20, (45, Y9 5 (1,1).
22. A right line. 35. {—34k cosec §a cosec 4B, §(a+p)}.
40. z*+y*—az—by=0. .

Examples 1V
1. (i) 22'+3y'=0. (ii) «'*+y'*=87. (i) 8y'*="a'.

(ii) 52'* —4y'* =16. 2. a=8,B=-5; 4=}, B=15.
8 (1, -1). 4 (2,8)iN=—4, u=—38,v=5 9. ir;2.
7. —4b°, 3a®. 8. 2zy+a°=0. 10. 45°.

11, h= -}, k= —} ; the equation reduces ts 122/ -10z’y'+2y" =0.

Examples V -
1. (i) tan™* 8. (ii) a. (iii) 4.
2, (i) z*-y =0, (1i) (a®—b%)(z? —y?) =2c zy

10. 8z —Tecy-5y*=0. 1. (aa'— bb’)‘+4(ah’+b’h)(a’h+bh’)=0
18. (i) 86. 16. (i) (—1,1); tan™ } : (1, 8), 90°; (4, =) tan™? 4.
" (1v) (=1,9); tan™ £,
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17. (1) B (i) +1, 18. (iii) 35
25. 7x® — 22y — Ty" — 80z + 38y +167=0. 29. 9, 0r —4.
.
Examples VI(A)
2. 4. 6, (i) z*+9*—10z—10y+25=0.
(ii) 2*+y*—152—12y+36=0. 7. x2'+y*-Tx—13y—-52=0.
8, z%+9y*-8x+12y—49=0. 9. (i) Outside the circle. (ii) No.
10. No. 11. 3,/y°=¢ (on z-axis), 2,/f*—¢ (on y-axis).
12. (-1, —-1). 18. (z—h%) cos a+(y—k) sin a=a.
18. (a, 0), (0, a). 19. (i) 4¢+8y+5=0; 4c+3y—25=0.
(ii) 8z—4y—10=0; 3z —4y+20=0. 20. (8, 5)(—1, —11).
25. (3, —3). 29. 8. 30. (i) st. lige.  (ii) circle.
34, x2*+y* +x(29+cl)+y(2f +mc) =0.
85. (I*+m®)(z*+9*) — 2z —2my— {a®(1* +m?) - 2} =0.

. Examples VI(B)

8. Circle.

5. If (h, &) be tho fixed point and =?+4®=a® be the given circle,

then the centre of the locus is (3%, 3%k) and its radius is 3a.

7. (2*+7*)*+2(gz+fy)(z® +94°) — (gy—fzx)* +elz? +9*)=0.

8. 2(z®*+9*)+2gz+2fy+c=0.
10. (i) (‘ja‘_l%;g' —lig?:,ii)'
11, 2 +9?=nx+ky. 12. z%+y*=4a’.

15. 6z —6y* —bxy+ 13z +65y—169=0. 16. 3z —10zy+3y" =0.
b

19. (i) (Ja4‘+z;°, txm“(—"); Jar 0. (ii) (5, 30°) ; 5.

20. (W/2a, 45°), (- /24, 135°).
24, r’;r{r. cos (9—0,)+7, cos (0—6,)} +7,r; cos (6, —0,)=0.

(ii) 8y—2zx=13.

Exampels VII
1. &. 8. z2”+y® +6x—3y=0. 5. az—by=0.
6. (i) (_gv —g)' (ii) (_2- —1) ;2.
8. z*+y*-9z—4y+12=0.
10, 2(z*+y*)+22+6y+1=0. 11. (i) 10.
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(i) Jdr"=3(p—g)". 12, (1,1), (-3, =9).
18. (i) 2*+y* ~8z—8y+16=0, (i) z*+y*—16z—18y—4=0.
(iti) 2*+y* —cz—by+a*=0.
17, 29,9, - g.)+2f, (i —f)=c, —ca. ¢

18. (i) 24z+Ty=125 ; 4z—38y=25; To—24y=250 ; Sz+4y="50.
(ii) z=1, y=3, 4z—8y=10, 3z+4y=>5.
21, 3z+y—4=0. 22. (i) (5, 4) (-5, —4). (i) (2,0), (0, —=2)-

Examples VIII(A).

1. (i) 2®-2zy+9y*—-182z—-10y+45=0.
(ii) 1627 +24xy +9y® — 256z — 149y +849=0.
(iii) x?+y® +2oy—4dz+4y—4=0,
(iv) =®—2xy+y? +24x+8y+16=0.
(v) 5{(z+6)*+(y+6)*}=(x+2y—22)*.  (vi) y*=4(b—a)z—a).

2. (0,0); 45—8y=0. 8. (i) Vertex (i, 1) ; focus (3, 1) ;
axis y=1; directrix 2¢—1=0; latus rectum=5.
(ii) vertex (—3, —$3) ; focus (—2, —43); axiss+3=0; -

directrix y+ 33 =0 ; latus rectum=2. 4. y=ﬂw°—7z+é.
6. inside ; upon ; outside. Read y* =16z for y* = 4az.
7. Vertex qf_sgn 21'. M) ; latus rectum= 2u’ oos’a,
g 29
12, z-y+a=0,z+y+a=0; 2+y=8a; z—y=38a.
13. (i) 8y=2z+9; (ii) y=2x+1.

a*bi
14. (3a, 3 A/3a). 16. tan"-———*ﬂ-.
a(a¥+0%)

26,, y*(z+20)+4a? =0. 83, () abw+dy+atoi=0.

(ii) y=+(z+2a.) '

Examples VIII(B)

1. (.;".’.. .2'_:). 5. y*—ky=2a(z—h).
6. y*(y*—2ax+4a*)+8a*=2. 7. y*=2a(z—4a).
8. y*=2a(x—a). 9. (4 8).

11, y*+2x*+42y+12x+4y+2=0.

12, NI '+ ‘a‘_-_a@.l—’:];“—l. 13. .(.1!_'.'_';;4&%_)%.
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14, (y-B)*=8(z—3).
15. {a(t,®+£.% +¢,8,)+2a, —at,tq(t, +1,)}

21, (i) y* —4az=8(z+a)’. (ii) y*—4daz=(z+a)".
(iii) 8(y* —4az)=(x+a)? 22. y®-—2ax=kz?.
28, %) z? =k*{y*+(z—a)*}. (ii) y*=4dax+a’k®.
26. (2, —4), (18, —12), (82, 16).
27. y=2—6; y=2x—24 ; y+3z=66. 80. *fa.

Examples 1X(A)
1. (i) 52 +5y® +2zy + 10z — 92y +39=0.
(ii) 7z’+7y’+2zy+10:c—10y+7=0
2 (; , ;) 3. +i’f,) =1,
4. (1) (-2, 9), (4, 3). (ii) e=§ ; latus rectum=3.
7. upon, inside, outside. 8. (i) }r, 2w, (ii) 45°, 185°, 225°, 315",

9. 5. 1. z“/5'+1/’l4"=1.

14, (i) y=+z+5. (ii) ( Ja e £ 7(1’::_4?)
W6 @G-8, (-1 85 6@ (@8), (-2 -9

27. (i) (a?, b°m). (ii) (a? cos a/p, b? sin a/p).

cos &(0+¢) sin 3(0+9¢),
(i) a5 §(6=9) Peos 4(6—9)"
80. (i) a’z®+b%y*=a*. (i) */a* +y*/b*=1[a’.

84. (i) f sin 8-~ ’b—/ cos 3=0. (ii) «*/a®+y*/b* =gec?s.
87. hz/a+ky/b*=1. 88. a®/x*+b%/y*=(a”—-b")".
4. z*+y"=18, 44. a*l’+b'm=a’+b".

Examples 1X(B)
a®l b%m
1 (a'l’ +b*m® a*l® +b"m’)'
2. (i) b2z(z—a)+a’y(y—p)=0.
(ii) (a® +0b%)(b*z® +a’y*)? =a’b?(b*z* +a*y?). )
(iii) (6°2%+a’y®)(b?z* +ay?)® =a*b*x®y*(a® —b?)°.
(Iv) a‘b‘(z“ +y%)=(a’+b?)(d*2® +a’y?)*.
2 b,)' ”""” 14. (i) 2*/a® +y2[b* =1/2.
(if) 2(z* +y*)* =-a’a;’ +byt. (iii) z%/a*+y°[b? =2,
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18, y+2¢-=0,;::-8y-0; y—2=0, z+8y=0.
21. o®-8xy+6y*+8z+8y~24=0; tan~(} J/10).

22. z—-4y—18=0, 4z—-5y+26=0. Read 9z*+25y"* =225 for
9z® + 2521 = 295. 28. (i) k(z*—a®)=2zy. (i) Ay*—b*)=2zyp.
2 2 2 } ] '

=
8. = /B*-b*tyNfa*—a’+ J(a*B —b%a%)=0.
80, (i) tan='}; (ii) 7 ; (iii) 3r.

Examples X
1. (i) 2®+9°+4ay—82z—32Y+154=0.
(ii) 42%+11y" — 24zy— 50z —160y—295=0, 2. 162°—0y* =144,
4, e=@, latus rectum=2b%/a.
5. “‘—1‘”——-‘3—3—” =1, 8. 9 =32z

18. (i) z+y+5=0,~y—-2=0. (ii) 52+y-T7=0, 22—3y+2=0.
(iii) az+c¢=0, ay+b=0. 14. 62’ —wy—y"—28z+4y+16=0.
15. (2z+8y—8)(8z+2y—7)—154=0, 16. (@,1).
17. 7(z®-y*)+18zy=0, 28. (i) z*—4*+8z—Ty—17=0.
(ii) 10z® —18zy—8y® — 4z +28y—22=0.
80, Vertices (+¢, +c¢). Foci (+ca2, +cn2).
Directrices z+y= +c /2.
85. Centre (3, ;) ; axes ;_8(x® —y*) =8xy referred to centre as origin.

'3,
ss. (=52)" 40, (i) y=82+5, y=8z—5; y=—8z-+5,
y=-38z-5. (i) y=+zt Ja* =" 42, b2 +a'y ma'dt,












